UNIVERSITY OF CALIFORNIA 
RIVERSIDE 



The Algebraic Structure of n-Punctured Ball Tangles 



A Dissertation submitted in partial satisfaction 
of the requirements for the degree of 

Doctor of Philosophy 
in 

Mathematics 
by 

Jae-Wook Chung 
June 2005 



Dissertation Committee: 

Dr. Xiao-Song Lin, Chairperson 
Dr. Gerhard Gierz 
Dr. Bun Wong 



Copyright by 
Jae-Wook Chung 
2005 



Acknowledgements 



First of all, I would like to express my gratitude to my thesis adviser Professor 
Xiao-Song Lin. I sincerely appreciate his continuous and devoted advice to me not 
only on my research, but also in learning mathematics. Indeed, his sharp ideas and 
wide knowledge on research fields have encouraged me to do research. 

I would also like to thank Professor Gerhard Gierz and Professor Bun Wong. 
I took several courses from them. Both of the professors gave me very impressive 
lectures which have helped me understand many important things that support my 
research work. 

Finally, I would like to thank all other people who helped me in the Department 
of Mathematics, University of California, Riverside. 



iv 



Dedicated to my wife Chang-Hee Lee and my daughter Eun-Ah Chung 



V 



ABSTRACT OF THE DISSERTATION 



The Algebraic Structure of n-Punctured Ball Tangles 

by 

Jae-Wook Chung 

Doctor of Philosophy, Graduate Program in Mathematics 
University of California, Riverside, June 2005 
Professor Xiao-Song Lin, Chairperson 

We consider a class of topological objects in the 3-sphere which will be called 
n-punctured ball tangles. Using the Kauffman bracket at ^4 = e*"^/^, an invariant for 
a special type of n-punctured ball tangles is defined. The invariant F" takes values 
in PM2x2"(^), that is the set of 2 x 2" matrices over Z modulo the scalar multi- 
phcation of ±1. This invariant leads to a generalization of a theorem of D. Krebes 
which gives a necessary condition for a given collection of tangles to be embedded 
in a link in disjointly. Furthermore, we provide the general formula to compute 

the invariant of /ci H h A;„-punctured ball tangle r"(7"'=i(i)^ . . . ^ 'j'k„{n)-j determined 

hj n, ki, . . . , /c„-punctured ball tangles T", T'''^^^\ . . . , T'^"("), respectively, when those 
of j"^^ j-'^iCi)^ . . . ^ j-'^nH are given. Also, we consider various connect sums among 
punctured ball tangles and provide the formulas for the invariant of T'^^^^^ +f^ T'^2{2) 
and that of T'^^^^ +^ T^'2(2) when those of T'^^^^ and T^2(2) 

are given, where +h and 

+y mean the outer horizontal and the outer vertical connect sums of punctured ball 
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tangles, respectively. We also address the question of whether the invariant F" is 
surjective onto PM2x2"(Z)- We will show that the invariant F'" is surjective when 
n — 0. When n — 1, n-punctured ball tangles will also be called spherical tangles. 
We show that detF^(5') = or 1 mod 4 for every spherical tangle S. Thus, F" 
is not surjective when n = 1. In addition, we introduce monoid structures on the 
class of 0-punctured ball tangles and the class of spherical tangles and show that the 
group generated by the elementary operations on PM2x2(^) induced by those on the 
spherical tangles is isomorphic to a Coxeter group. 
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Chapter 1 
Introduction 



In this thesis, we will work in either the smooth or the piecewise linear category. 
For basic terminologies of knot theory, see E] • 

The notion of tangles was introduced by J. Conway 3j as the basic building blocks 
of links in the 3-dimensional sphere S^. Slightly abusing the notation, a tangle T is 
a pair {B^,T), where is a 3-dimensional ball and T is a proper 1-dimensional 
submanifold of with 2 non-circular components. The points in dT C dB^ will 
be fixed once and for all. Recall that a link L is a submanifold of 5''^ homeomorphic 
to a disjoint union of several copies of the circle S^. A tangle T = {B^,T) can 
be embedded in a link L in if there is an embedding : B^ — > such that 
(j){B^) n L = (j){T). Using the Kauffman bracket at A = e^'^l^ ^ a necessary condition 
that one can embed a tangle T in a link L is given by D. Krebes in 

One of the purposes of this thesis is to give a generalization to Krebes' theorem. 
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Suppose that k tangles Tj = {B^, Ti), i = 1, . . . ,k, are given. They can be embedded 
disjointly in a hnk L if there are embeddings (pi : — > S"^ such that (pii^B^") fl L = 
4>i{Ti) for all i and (pi{B^) fl (t>j{B^) = for all i,j with i j. A necessary condition 
similar to that of Krebes' will be given for the existence of such a disjoint embedding 
of tangles in a link (see Theorem 3.10). 

In order to prove this generalization of Krebes' theorem, we will study a class 
of topological objects in called n-punctured hall tangles. This class of topological 
objects has rich contents in the theory of operads jU], which is beyond the scope of this 
thesis. Our main interest lies in a special type of ra-punctured ball tangles, which in 
the case of n = 0, corresponds exactly to Conway's notion of tangles in the 3-ball B^. 
Using the Kauffman bracket at A = e*'^/^, we will define an invariant for this special 
type of n-punctured ball tangles. For an n-punctured ball tangle T, this invariant 
F"(T) is an element in PM2x2"(^), that is the set of 2 x 2" matrices over Z modulo 
the scalar multiplication of ±1. When n = 0, F"(T) is Krebes' invariant. 

Suppose now that we have k tangles T^, i = 1, . . . , k, embedded disjointly in a link 
L. Let 

Pi 



i — 1, . . . , fc. 



Qi 

and let (L) be the Kauffman bracket oi L at A = e*'^/^. Then Theorem 3.10 says that 

k 



i=l 

divides \ {L)\. When k = 1, this is exactly Krebes' theorem. 



The proof of Theorem 3.10 is based on the fact that the invariant behaves well 
under the operadic composition of n-punctured ball tangles. 

In the second part of this thesis, we study the invariant F" in some more details 
when n = 1. In this case, n-punctured ball tangles are called spherical tangles. For 
a given spherical tangle S, det-F^(S') is a well-defined integer. Using a theorem of 
S. Matveev, H. Murakami and Y. Nakanishi in 0|7j, we will show that det -F^(S') is 
either or 1 modulo 4 (Theorem 4.34). Thus, not every element in PM2x2(^) can 
be realized as F^{S) for some spherical tangle S. This is in contrary with the case of 
n = 0, where the invariant is onto. 

We organize the thesis as follows: In Chapter 2, we formally define the notion 
of n-punctured ball tangles. We also recall the Kauffman bracket at A = e™!"^ 
and Krebes' theorem in this Chapter. In Chapter 3, we define our invariant F"^ 
for a special class of n-punctured ball tangles. A key result is about the behave 
of the invariant F"^ under operadic composition of ra-punctured ball tangles (Theo- 
rems 3.6). Our generalization of Krebes' theorem (Theorem 3.10) will follow easily 
from this result. Furthermore, given an ra-punctured ball tangle T" and /ci, . . . , 
punctured ball tangles T'^^^^^ . . . , T'^"'^"\ respectively, we consider the /ci + ■ ■ • -|- 
punctured ball tangle T'^(T'=i(i), . . . , T'^"^")), where n e N and fci, . . . , e N U {0}. 
In this case, we show how to compute the invariant _p'=i+-+'="(T"(T''i(^\ . . . ^T^^^"^))) 
if F'^iT''), F'=i(T^i(i)), . . . , F^"(T^"('^)) are given (Theorem 3.8). Also, we consider the 
horizontal connect sum T'^'^^-^^ +h T^'^^"^) and the vertical connect sum T^^*^^) +^ 2^^2(2) 
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of ki and A;2-punctured ball tangles T'^^*^^-' and T''^^'^\ respectively, and provide the 
formulas for the invariants F^^^^'' {T^^^^^ +/,T'=2(2)) and F^^+^^ {T^^^^^ +^T^'2(2)) when 

are given, respectively (Theorem 3.9). In Chapter 4, we 
introduce 2 similar monoid operations on the class of 0-punctured ball tangles which 
are connect sums and 2 similar monoid actions on it by the spherical tangles which is 
also a monoid with respect to the composition. For the spherical tangles, we consider 
the composition as a monoid operation and 8 connect sums as monoid actions by 
the 0-punctured ball tangles since spherical tangles have 2 holes which are inside and 
outside. In addition, we show that the group G{F) generated by the elementary op- 
erations on PM2x2(^) induced by those on the spherical tangles is isomorphic to the 

/ \ 

14 2 



Coxeter group Cm with the Coxeter matrix M 



4 1 2 



^2 2 1^ 



(Theorem 4.25). Also, 



we study the surjectivity of the invariant in the case of n = 0, 1. As mentioned 
before, we will show that is surjective when n = but not surjective when n = 1. 
In the final Chapter, we pose some questions related with this work which we do not 
know how to answer at this moment. 

Notice that D. Ruberman has given a topological interpretation of Krebes' theorem 
jH]. We don't know if our generalization of Krebes' theorem could have a similar 
topological interpretation. In particular, it will be very nice if there is a topological 
interpretation of the restriction on detF^(S') for spherical tangles S (Theorem 4.34). 
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Chapter 2 



General definitions 

2.1 n-punctured ball tangles 

We define a topological object in the 3- dimensional sphere called an n-punctured 
ball tangle or, simply, an n-tangle. To study this object, we consider a model for a 
class of objects and an equivalence relation on it. 

Definition 2.1. Let n be a nonnegative integer, and let Hq be a 3-dimensional closed 
ball, and let Hi, ... , Hn be pairwise disjoint 3-dimensional closed balls contained in 
the interior Int(ifo) of Hq. For each k e {0,1,..., n}, take 2mk distinct points 
ttki, ■ ■ ■ ,ak2mk of (^Hk for some positive integer m^. Then a 1-dimensional proper 
submanifold T oi Hq — [J^^^ Int(iJi) is called an n-punctured ball tangle with respect 

to {Hk)o<k<n: ("^fe)o<fe<n) ^ud ((afei, . . . , ak2mk))o<k<n if dT — Ufc=o{^fcl' " " " ' ^fe2mfc}- 

Hence, dTndHk = {ofci, • • • , o,k2mk} for each A; e {0, 1, ... , n}. Note that an n-tangle 
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T with respect to {Hk)o<k<n, {'mk)o<k<n, and ((0^1, . . . , ajk2mJ)o<fe<n can be regarded 

as a 5-tuple (n, {Hk)o<k<n, (^fe)o<A;<n, ((Ofel, ■ ■ ■ , 0,k2mk))o<k<n, T). 

Proposition 2.2. Let n e N U {0}, an(i /et nPBT he the class of all n-punctured 
ball tangles with respect to {Hk)o<k<n, {rnk)o<k<n, and ((0^1, . . . , afc2mJ)o<fc<n; and 
let X ^ Ho- Ur=i Int(//i). Define ^ on nPBT by Ti ^ T2 if and only if there is a 
homeomorphism h : X X such that h\dx = Idx\dx, h{Ti) = T2, and h is isotopic 
to Idx relative to the boundary dX for all Ti, T2 £ nPBT. Then = is an equivalence 
relation on nPBT, where Idx is the identity map from X to X . 

Proof. Note that Ti = T2 if and only if there are a homeomorphism h : X ^ X with 
h\dx = Idx\dx and h{Ti) = T2 and a continuous function H : X x I ^ X such that 
H{_,t) : X ^ X is a, homeomorphism with H{_,t)\gx — Idx\dx for each t E I and 
H{_, 0) = Idx and 1) = h, where / = [0, 1]. Let us denote II{x, t) by IIt{x) for 
all X e X and t E I, so H{_, t) ~ Ht for each t E I. 

For every T e nPBT, T^T since Idx and the 1st projection ni : X x I ^ X 
satisfy the condition. Suppose that Ti = T2 and /i : X — > X is a homeomorphism 
with h\gx — Idx\dx such that h{Ti) — T2 and H : X x I ^ X is a, continuous 
function such that : X X is a homeomorphism with = Idx\dx for each 

i e 7 and //o = Idx and Hi = h. Define H' : X x I ^ X hy H'{x, t) = H^\x) for 
all X e X and t e I. Then h'^ and /J' make 7^2 = 7i. To show the transitivity of =, 
suppose that Ti = T2 and /i : X — > X is a homeomorphism with h\dx = Idx\dx such 
that h{Ti) — T2 and i7:Xx7— >Xisa continuous function such that Ht : X ^ X 
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is a homeomorphism with Ht\dx — Idx\dx for each t & I and Hq — Idx and Hi — h 
and T2 — Ta and h' : X ^ X is a homeomorphism with h'lgx — Idx\dx such that 
h'{T2) = T3 and H' : X x I ^ X is a, continuous function such that : X ^ X is 
a homeomorphism with H^\qx — Idx\dx for each t & I and Hq — Idx and H[ — h'. 
Define H" : X x I ^ X by H"{x,t) = {H[ o Ht){x) for all x G X and t G /. Then 
h' oh and H" make 71 = Ta. Therefore, = is an equivalence relation on nPBT. □ 

Definition 2.3. Let Ti and T2 be n-punctured ball tangles in nPBT. Then Ti and 
T2 are said to be equivalent or of the same isotopy type if Ti = T2. Also, for each 
n-punctured ball tangle T in nPBT, the equivalence class of T with respect to = is 
denoted by [T]. By the context, without any confusion, we will also use T for [T]. 

There are many models for a class of n-punctured ball tangles. It is convenient to 
use normalized ones. One model for a class of n-punctured ball tangles is as follows: 

(1) = 0, 0), ^) and Hi = B{{i, 0, 0), \) for each i e {1, . . . , n}. 

(2) Ofci, . . . , ajfc2mfc are 2mk distinct points of dH}^ in the xy- plane for each k e 
{0,1,..., n}. 

(3) T is a 1-dimensional proper submanifold of Hq — (J"^^ Int(i?i) such that dT — 
Ufe=o{^A;i) ■ ■ ■ ) 0'k2mk}i where B{{x, y, z),r) is the 3-ball in with radius r at {x, y, z). 

In order to study an n-punctured ball tangle T through its diagram D, we consider 
the xy- projection P^y : — > defined by Pxy{x, y, z) — {x, y, 0) for all x, y, z, e R. 
A point p of the image P^yiT) is called a multiple point of T if the cardinality of 
Pxy{p) n T is greater than 1. In particular, p is called a double point of T if the 
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cardinality of P^yip) fl T is 2. If p is a double point of T, then P~y{p) fl T is called 
the crossing of T corresponding to p and the point in the crossing whose ^-coordinate 
is greater is called the overcrossing of T corresponding to p and the other is called 
the undercrossing. 

An n-punctured ball tangle T is said to be in regular position if the only multiple 
points of T are double points and each double point of T is a transversal intersection 
of the images of two arcs of T and P^y{T - dT) n {d{P^y{Ho)) U Ur=i PxyW) = 0. 

Note that for each T e nPBT, there is T' e nPBT such that T' is in regular 
position and T' = T. Furthermore, T' has a finite number of crossings. 

Consider the image Pxy{T) of an n-punctured ball tangle T in regular position. 
For each double point of T, take a sufficiently small closed ball centered at the double 
point such that the intersection of Pxy{T) and the closed ball is an X-shape on the 
xy-plane. We may assume that the closed balls are pairwise disjoint. Now, modify the 
interiors of the closed balls keeping the image Pxy{T) to assign crossings corresponding 
to the crossings of T. As a result, we have a representative D oiT which is 'almost 
planar' and Pxy{D) — Pxy{T). D is called a diagram of T and we usually use this 
representative. 

To deal with diagrams of n-punctured ball tangles in the same isotopy type, we 
need Reidemeister moves among them. For link diagrams or ball tangle diagrams, we 
have 3 kinds of Reidemeister moves. However, we need one and only one more kind 
of moves which are called the Reidemeister moves of type IV. 
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The Reidemeister moves for diagrams of n-punctured ball tangles are illustrated 
in the following figure. 




/ has no crossing and / 'has either overcrossings or undercrossings, not both. 

Figure 1. Tangle Reidemeister moves. 

Like link diagrams, tangle diagrams also have Reidemeister Theorem involving 
the Reidemeister moves of type IV. Let us call Reidemeister moves including type IV 
Tangle Reidemeister moves. 
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Theorem 2.4. Let n be a nonnegative integer, and let Di and D2 be diagrams of 
n-punctured ball tangles. Then Di = D2 if and only if D2 can be obtained from Di 
by a finite sequence of Tangle Reidemeister moves. 

Remark that, even though we may have different models for n-punctured ball 
tangles, we may regard them as the same n-punctured ball tangle if there are suitable 
model equivalences among them. 

2.2 Kauffman bracket at A = e^^/^ and monocyclic 
state of link diagram 

Our invariant is based on the Kauffman bracket at A — e^'^l^. In this section, 
we recall the Kauffman bracket which is a regular isotopy invariant of link diagrams. 
That is, it will not be changed under Reidemeister moves of type II and III. 

Assume that L is a link diagram with n crossings and c is a crossing of L. Take a 
sufficiently small disk at the projection of c to get an X-shape on the projection plane 
of L. Now, we have 4 regions in the disk. Rotate counterclockwise the projection of 
the over-strand in the disk which is an arc of L containing the overcrossing for c to 
pass over 2 regions. These 2 regions and the other 2 regions are called the A-regions 
and the i^-regions of c, respectively. We consider 2 ways of splitting the double point 
in the disk, yl-type splitting is to open a channel between the A-regions so that we 
have 1 ^-region and 2 S-regions in the disk and S-type splitting is to open a channel 

10 



between the S-regions so that we have 2 74-regions and 1 S-region in the disk. A 
choice of how to destroy all of n double points in the projection of L by A-type or 
B-typc splitting is called a state of L. 

Notice that we regard a state a of the link diagram L with n crossings as a function 
a : {ci, . . . , Cn} — > {A, B}, where {ci, . . . , c„} is the set of all crossings of L and 
{^4, B} is the set of A-type and B-type splitting functions, respectively. Therefore, a 
link diagram L with n crossings has exactly 2"^ states of it. Apply a state cr to L in 
order to change L to a diagram without any crossing. 

Definition 2.5. Let L be a link diagram. Then the Kauffman bracket {L)a, or 
simply, (L), is defined by 

a€S 

where S is the set of all states of L, a{a) = \a~^{A)\, j3{a) = \a~^{B)\, and d{a) is 
the number of circles in L^. 

We have the following skein relation of the Kauffman bracket. 

Proposition 2.6. Let L be a link diagram, and let c be a crossing of L. Then if La 
and Lb are link diagrams obtained from L by A-type splitting and B-type splitting 
only at c, respectively, then (L) = A{La) + A~^{Lb)- 

Proof. Suppose that -S" is the set of all states of L and 5"^ = {cr e S\a{c) — A} and 
Sb = {t^ S\t{c) = B}. Then (L) = ^ ^^^^^ - ^-^j'^W-i + 
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Ere5B A'^^^K^'y^^^'^-A^ - A-^Y^-"^-^ = A{La) + A-\Lb) because S is the 
disjoint union of Sa and Sb- This proves the proposition. □ 

The following lemma is useful in our discussion of the Kauffman bracket. 

Lemma 2.7. Let L be a link diagram. Then states a and a' of L are of the same 
parity, i.e., d{a) = d{a') mod 2, if and only if a and a' differ at an even number of 
crossings, where d{a) and d{a') are the numbers of circles in and L^i , respectively. 

Proof. Let cr be a state of a link diagram L with n crossings Ci, . . . , c„. Change the 
value of (7 at only one crossing q to get another state ui and observe what happens to 
(i((Tj), where 1 <i <n. We claim that a and (Xj have different parities, more precisely, 
d{a) — d{ai) ± 1. Hence, we will have d{a) = d{ai) + 1 mod 2. Now, to consider 
(7{ci) and cri(ci), take a sufficiently small neighborhood Bi at the projection of q so 
that the intersection of Int(i?j) and the set of all double points of L is the projection 
of Cj and the intersection of dBi and the projection of L has exactly 4 points on the 
projection plane of L which are not double points of L. 
Case 1. If these 4 points are on a circle in L^, then 

d{ai) = d{a) + 1. 

Case 2. If two of 4 points are on a circle and the other points are on another circle 
in Lfj, then 

d{ai) = d{a) - 1. 
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Now, it is easy to show the lemma. Suppose that a and a' are states of L which 
differ at k crossings of L for some /c G {0,1,..., n}. Then d{a') = d{a) + k mod 2. If 
d{a) = d{a') mod 2, then k is even. Conversely, if d{a) = d{a') + 1 mod 2, then k + 1 
is even, that is, k is odd. This proves the lemma. □ 

Following a state a of a link diagram L is called a monocyclic state of L if 
d{a) = 1. That is, we have only one circle when we remove all crossings of L by a. 

From now on, we consider only the Kauffman brackets at A = e^'^l^. Since |y4| = 1, 
the determinant | (L) | of L is an isotopy invariant. It is easy to show that Reidemeister 
move of type I dose not change | (L) | by the skein relation of Kauffman bracket and 
\A\ = 1. 

Notice that -A^ - A-^ = if A = e*^/l Therefore, 

(L) = 

where M is the set of all monocyclic states of L. 

As a corollary of Lemma 2.7, monocyclic states a and a' of L differ at an even 
number of crossings. 

Lemma 2.8. If L is a link diagram, then there are p G Z and u E C such that = 1 
and (L) = pu. 

Proof. Suppose that a and a' are states of a link diagram L such that a and a' 
differ at only one crossing. Then either a{a') — [3{a') = (a(o") + 1) — (/3(cr) — 1) = 
- /3(a)) + 2 or a{a') - P{a') = {a{a) - 1) - (/3(a) + 1) = (a(a) - /3(a)) - 2. 

13 



Hence, either = or = That is, 

If < A; < c(L) and cr" is a state of L such that a and a" differ at k crossings, where 
c(L) is the number of crossings of L, then A°''^""^~^'^""^ = ±^'=^4"^°")"^^'^) because there 
are exactly 2^^ sequences with k terms consisting of +i and —i and the product of all 
terms of each of the sequences is either or —i'^. Hence, A"^'^"'^^^^^"'^ = 
if k is odd and A^^'^''^-^^'^") = ±A"('^)-'3('^) if k is even. 

Now, let us take a monocyclic state do of L, and let u = A°'^"°^~^^"°\ Then = 1 
and (L) = pu for some p G Z by the corollary above. This proves the lemma. □ 

2.3 Krebes' Theorem 

In this subsection, we introduce some notations and Krebes' Theorem j3]. 

Definition 2.9. A ball tangle B, which is a 0-punctured ball tangle with ttlq = 2, is 
said to be embedded in a link L if there are a diagram Db of B, a diagram Di of L, 
and a 3-dimensional closed ball H such that H (1 Dl and Db are of the same isotopy 
type. 

Given a ball tangle diagram B, we consider 3 kinds of closures as in Figure 2 a). 
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Bo Bo' 

O is a numerator O ' is a denominator 

state of B state of B 

Figure 2. a) Closures, b) Diagrams by a numerator state and a denominator state. 

The link diagrams Bi and B2 are called the numerator closure and the denominator 
closure of B, respectively. A monocyclic state of Bi is called a numerator state of B 
and that of B2 is a denominator state of B. 

Notice that a numerator state a and a denominator state a' of a ball tangle 
diagram B differ at an odd number of crossings. To see this, we think of a diagram 
of another closure L oi B which has only one more crossing c at the outside of 
ball containing B (See L in Figure 2). We have two monocychc states of L from 
the numerator state a and the denominator state a', respectively, which differ at c. 
Hence, a and a' differ at an odd number of crossings. 
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The following notations throughout the rest of the thesis: 

• ^ = {z e C\ = 1} = {A'' I A; e Z}, i.e. $ is the set of 8-th roots of unity; and 

^ {kz\k eZ,z e 

• -^nxm(^) is the set of all n x m matrices over Z, and PM„xm(^) is the quotient of 
Mnxm{Z) under the scalar multiplication by ±1. 

• ST is the class of diagrams of 0- punctured ball tangles with rrio — 2 (i.e. ball 
tangles) . 

• ST is the class of diagrams of 1-punctured ball tangles with rrio — rui = 2 (they 
will be called spherical tangles). 

Proposition 2.10. // a, b,k,l e Z, then aJ^ + hJ^ e Z$ ij and only if ah ^ Q or 
k = / mod 4.- 

Proof. Suppose that ab ^ and k — I = t mod 4 for some t e {1,2,3}. then 
k — l — Am + 1 for some m e Z, hence, = {—1)'^A^AK Therefore, aA^ + hA^ is not 
in Z$. Conversely, if a6 = or A; = Z mod 4, then aA^ + hA^ e Z$. □ 



We have 



{L) = A{B^) + A-\B2) eZ$ 



for the links L, Bi, and B2 in Figure 2. If (Bi) = pA^ and {B2) = qA'', by Proposition 
2.10, we have I = k + 2 mod 4. So there is a unique (a, /3) e Z^ such that 



^z{B^)^ 
\iz{B2) I 



( \ 



^ e * ^ nM2xi(Z) 



I- 
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Definition 2.11. Define f : BT ^ PM2xi(Z) by 

\(^{Bi)\ ] 

f{B) = 1 \ze<^\n M2xi(Z) G PM2^i{Z) 

[ \^AB2) ) J 

for each B & BT. This is Krebes' tangle invariant. 

Notice that Reidemeister move of type I dose not change f{B). So f{B) is a ball 
tangle invariant. The following lemmas about the ball tangle invariant / are proved 



m 



i! 



Lemma 2.12. If B^^^ and B^'^^ are diagrams of ball tangles with f{B^^^) 



and 



f{B 



(2)1 



ps + qr 
qs 



, then f{B^^^ +hB^^^) ■ 
horizontal addition of ball tangles (see Figure 10 a)). 

Lemma 2.13. If B is a diagram of ball tangle with f{B) 



, where B^^^ +h B^"^^ stands for the 



, then we have 



fm 



and fiB^) 



-P 



where B* is the mirror image of B and B^ is the 90° counterclockwise rotation of B 
on the projection plane. 

Theorem 2.14. (Krebes jl]) If L is a link and B is a ball tangle embedded in L with 
P 



m 



Q 



, then g.c.d. (p, g) divides \ {L)\. 
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Chapter 3 

The special case of n-punctured 
ball tangles 

Let n be a positive integer. Then an n-punctured ball tangle with {Hi;)o<k<n 
and (mfc)o<fc<n can be regarded as an n-variable function : Ai x • • • x A„ ^ T 
defined as T'^{Xi, . . . , Xn) is a tangle filled up in the i-th hole Hi of T" by Xi e Ai for 
each i e {1, . . . , n}, where Ai is a class of t^-punctured ball tangles with (m^)o<A;<tj 
such that rrii — ml for each i e {1, . . . , n} and T is a class of tangles. However, this 
representation of n-punctured ball tangles as n- variable functions is not perfect in 
the sense that n-punctured ball tangles are equivalent only if they induce the same 
function. On the other hand, n-punctured ball tangles which induce the same function 
need not be equivalent. That is, we can say that tangles are stronger than functions. 
Roughly speaking, the class of n-punctured ball tangles as only n-variable functions 
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gives us an operad, a mathematical device which describes algebraic structure of many 
varieties and in various categories. See [Hj. 



3.1 n-punctured ball tangles with rrik = 2 for each 
k G {0, 1, . . . , n} and their invariants 

From now on, we consider only ra-punctured ball tangles with rriQ = rrii = ■ ■ ■ = 
rrtn = 2. 

To construct the invariant of n-punctured ball tangle T", let us regard T" 
as a 'hole-filling function', in sense described as above T" : ST" ^ BT, where 
BT" = BTi X ■ ■ ■ X BT^ with BT^ = ■■■ = BTn = BT. 




Ho 

Figure 3. An n-punctured ball tangle with mo = mi = ■ ■ ■ = mn = 2. 
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T " a) b) 




Ho 

Figure 4. A hole-filling function T", a) r{J,„, b) T^^n^ , c) r"(S(i), . . . , 

To construct our invariant of n-punctured ball tangles with mo — mi — ■ • • — 
rrin — 2, we need to use some quite complicated notations. Let us start with a gentle 
introduction to our notations: 

(1) For a diagram of 0-punctured ball tangle (a ball tangle), we can produce 
2 links and T2 , which are the numerator closure and the denominator closure of 
r°, respectively. 

(2) For a diagram of 1-punctured ball tangle (a spherical tangle), we can 
produce 2^+^ links ^1(2)' -^2^(1)' "^2(2)1 where the subscript 1(1) means to take the 
numerator closure of T with its hole filled by the fundamental tangle 1. 
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(3) For a diagram of 2- punctured ball tangle T^, we can produce 2^+^ links ^^n), 

rri2 rri2 . rri2 rri2 rri2 rri2 

-'1(12)' -'1(21)' -^1(22)' -^2(11)' -^2(12)' -^2(21)' -'2(22)- 

If n is a positive integer, Ji = • ■ ■ — Jn = {1,2}, and J(n) = 11^=1 -^fc' then 
J{n) is linearly ordered by a dictionary order, or lexicographic order, consisting of 2" 
ordered n-tuples each of whose components is either 1 or 2. That is, ii x,y G J(n) 
and X — {xi, . . . , x„), y — (yi, . . . , y„), then a; < y if and only if xi < yi or there is 
A; e {1, . . . , n - 1} such that xi = yi, . . . , Xfe = yk, Xk+i < yu+i- 

(4) J[n) = {a'^\l < i < 2'*} and a'^ < a2 < • • • < a^u, where < is the dictionary 
order on J{n). Hence, a" is the least element (1, 1, . . . , 1) and d^n is the greatest ele- 
ment (2, 2, ... , 2) of J{n). Let us denote a" = (a^^, . . . , for each i e {1, . . . , 2*^}. 

(5) For a diagram of n-punctured ball tangle T", we can produce 2"+^ hnks 

rpn '~pn . '~pn '~pn 

la^" ' ■ ■ ■ ' laj„ ' 205* ' ■ ■ ■ ' 2aJ„ ■ 

(6) The sequence {cin)n>o — ((^fc)i<fc<2")n>o is defined recursively as follows: 

1) ao = (0); 

2) If Ofc-i = (ti, . . . , t2k-i), then = (ti, . . . , t2k-i,ti + 1, . . . , t2k-i + 1) for each 
k e N. Note that = n for each n e N U {0}. 

Now, we define our invariant of n-punctured ball tangles with mo — mi — • • ■ — 
rUn = 2 inductively. 
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Theorem 3.1. For each neN, define : nPBT ^ PM2x2"(Z) hy 
( \ 



for each e nPBT. Then F"' is an isotopy invariant of n-punctured ball tangle 



diagrams. In particular, F° is Krebes' ball tangle invariant f. 

Proof. Let X(T") = ' ' ' . Then 

Tangle Reidemeister moves of type II, III, and IV do not change X(T") because Kauff- 
man bracket is a regular invariant of link diagrams. Also, it is easy to show that Tangle 
Reidemeister move of type I does not change {^X(T") | ^ e by the skein relation 
of Kauffman bracket. Hence, it is enough to show that {2;X(T") | 2; G $} fl M2x2"(Z) 
consists of two elements differ by a scalar multiplication of —1. By Lemma 2.8, for 
each k e {1, • • • ,2"}, there are Pk^flk G Z and u^^v^ G $ such that ^\d^ = Vk^k 
and ^2ai1 ~ Qk^k- Notice that, for each /c e {1, . . . , 2"}, a" and differ at only tk 
coordinates. Hence, Tj^n and Tj^n differ at only tk holes. If /, m e {!,..., 2"} and 
T^^n and Tj^n differ at only 1 hole, then Um = i^iui by Proposition 2.6, Lemma 2.8, 
and Proposition 2.10. Thus, Uk — ±i*''Ui. Since Vk — ±iuk for each A; e {1, . . . , 2"}, 
X(r") e MiM2x2"(Z)- This shows that F'*(T'^) := {;2X(T") | ^ e $} n M2x2-(Z) = 
{ui^X{T''),-u^^X{T'')}. Therefore, F"(Ti) = F"(r2) if Ti and T2 are isotopic 
n-punctured ball tangle diagrams. □ 
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Figure 5. The skein relation of Kauffman bracket at the i-th hole. 

Definition 3.2. For each nonnegative integer n, F'^ is called the n-punctured ball 
tangle invariant, simply, the n-tangle invariant. 

Now, in order to think of an n-punctured ball tangle T" as a 'hole-filling function', 
we define a function which makes a dictionary order on complex numbers. 

Let n be a positive integer, and let (/ci, . . . , be an n-tuple of positive integers, 
and let J(n, /ci, . . . , kn) = JliLi ^ki- Then J(n, /ci, . . . , kn) is linearly ordered by a 
dictionary order, where 7^ = {1, . . . , A;} for each /c e N. 

(4*) J{n,ki,...,kn) = {a;^'*^!'-''^"!! < i < ki---kn} and a'l'''"-'''- < ■■■ < 
'^fcr -fcn '^"' where < is the dictionary order on J{n, ki, . . . , kn)- Hence, a'^''^^''"''^" is 
the least element (1,1,..., 1) and ct^^*^.^^^'*^" is the greatest element {ki, k2, ■ ■ ■ , kn) 
of J{n,ki,...,kn). Let us denote a"'*"^'-'^" = (q;"i'''''-'*'", . . . , a^^''^'-'''") for each 
i e {l,...,ki---kn}. 
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Definition 3.3. For each n eN and n-tuple {ki, . . . , kn) of positive integers, define 

^n,kl,--;kn . (^fcl X • • • X C'^" > (^ki—kn 

by 

/ n n 



for all . . . , t;^ J e , t;^J e C^". Then well-defined 

and called the dictionary order function on C with respect to ki, . . . ,kn. Also, the 
i-th projection of ^"'^I' - .'-n jg (;ienoted by ^^"'^^i'---'*^" for each i G {1, . . . , /ci ■ ■ ■ kn}- In 
particular, we simply denote ^".'=1. by when ki — • • • — kn — 2. 

Denote by C*'^ the /c-dimensional column vector space over C, so the map 

is to transpose row vectors to column vectors. Let PC''^ — ^ 1- {''^It ■ ■ ■ ■>''^kV ^ 
C'^^, then we denote by 

[Vi, Vk]^ = {{vi,..., Vk)\ {-vi, -VkY} 

the corresponding element in PC^^. 

Remark that, we may extend the above notation to matrices modulo ±1. Under 
this extension, matrix multiplication is well-defined. That is, if A and B are matrices 
and AB is defined, then [A][B] = [A][-B] = [-A][B] = [-A][-B] = [-AB] = [AB]. 
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Lemma 3.4. For each n e N and n-tuple {ki, . . . , kn) of positive integers, define 



|^^n,fei,...,A;„j . p([^feit X • • • X PC'^"^ > p(^ki—k„^ 



by 



|-^n,fei,...,fe„j^ 



n7 = l^l".fcl, 



nj=l ^In.fci, 



for all {v\, . . . , O e C^S . . . , (v^ . . . , v^J e r/ien [^^M,■■■,kn^^ is well-defined 

and called the dictionary order function induced by ^'^M,-,kn_ 

Proof Suppose that {Xi, . . ., X„) and {Yi, . . . , Y^) are in C'^i x • • • x C'^" such that 
([Xi]t, . . . , [X,]t) = {[Y^]\ [Fjt) e PC^itx- • •xPC'^-t. ThenXi = ±Fi, . . . = 
±y„ and . . . , X„) = ±^".fei.->fen(yi, ...,Yn). Hence, 

Therefore, [r'''^'-''="]([Xi]t, . . . , = . . . , This shows 

that [^"'^=1 >•••''="] is well-defined. □ 

As another notation, if L is a link diagram and T"^ is a diagram of n-punctured 
ball tangle for some n e NU{0}, then the sets of all crossings of L and are denoted 
by c(L) and c(T"), respectively. 
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Lemma 3.5. Ifn e N and is an n-punctured hall tangle diagram and B^^\ . . . , B^'^^ 



are ball tangle diagrams, then 

'^(T"(5«,...,5("))i) 



\ 



Proof. We denote the set of all monocyclic states of a link diagram L by M{L). Let 
B — T'^{B^^\ . . . , 5^")). Then u is a monocyclic state of Bi if and only if there is a 
unique i G {1, . . . , 2"} such that a\c{T^) G M(T"^n), (7\c{Bm) 

M(sg). Note that c(Si) = c(r") U c(S(i)) U • • • U c(S(")). Let us denote a state 
(7 of 5i by UqUi • • • (7„, where ctq = (7|c(Tn), (Ji = c^|c(b(i)), ■ ■ ■ , = cr|c(B("))- Then 

2" 

and 



i=l 



fTGM(Si) 
2" 



^q(o-o)+o:(cti)H |-Q:(o-„)-^(iTo)-/3(c^i) P(<^n) 



aon-an&MiT^ )M{B^^l )-M(i3^"J ) 

i il in 



^a(o-o)-/9(o-o) ^ ^a(o-i)-/3(o-i) ... ^ ^aK)-^((T„) 



,(n), 



i=l 



Similarly, {B2) = Ei=i(^2"<)(^arJ) • • • (^a^)- This proves the lemma. 



□ 



Theorem 3.6. For each n F'^ is an n-punctured ball tangle invariant such that 
F0(T'^(5W,...,S('^))) = F'^ (T'^)[r](FO (5 W ),..., for all e 



ST. 
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Proof. Suppose that is an n-punctured ball tangle such that = [zX{T")] 

for some ^ e $ and B^^\ . . . , B^"^ are ball tangles such that 



for some zi, . . . , e where (sf^) and {sf) are the numerator closure and the 
denominator closure of B^'^\ respectively, for each i e {1, . . . , n}. Then 



/J 



. ■■znm^.){B%) ■ . . {B':i) + + (rf„njK^.„^, 



>{n) 



(<i )) 



i.., . ■■z^m^.){B%) . . . {B^J + + {T,l.J{B^:i^) ■ ■ ■ (B^J) 



An) 



(1) 

.71 

2711' 



An) 



zzi---ZnTZi(ri^){B^---{B^ 

izz^---ZnTZi(TS.n){Bl^---{Bl:^ 

= F°(r"(s«,...,s("))) 

by Lemma 3.5. 



^zi---^„(r"(sw,...,5("))i) 

izzi---Zn{T-{B('\...,B(^^)2) 



□ 



Notice that an n-punctured ball tangle T"- can be regarded as an n variable 
function about not only 0-punctured ball tangles but also various n-punctured ball 
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tangles. Given an n-punctured ball tangle diagram T" and /ci, . . . , A;„-punctured 
ball tangle diagrams T'''^^^\ . . . ^T^^'^'^) ^ respectively, we consider the ki + ■ ■ ■ + kn- 
punctured ball tangle diagram ^'^(^'=1(1)^ . . . ^ 7^fcn(n)-)^ where n e N and ki,...,kn G 
N U {0}. We show how to calculate the invariant . . . , of 

are given (Theorem 3.8). Let us start from 

the following notations: 

Let n e N. Then 

^"1 



(1) eF = 



^2" 



such that Vi — 1 and vj — ii j i for each i e {1, . . . , 2"}. 





1 







In particular, e\ — 




and el = 











1 



Hence, = [^^] (e^n , . . . , e^n ) for each 



1 

(2)0: 



(3) Ej- is the set of all [C"](yi, . . . , yn) such that j components of (yi, . . . , y„) are 
X and each of the others is e\ or e^ for each j e {0, 1, . . . , n}. In particular, 

^o" = {r](ein,...,ei.JKe{l,...,2"}} 

and 
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Notice that {E^, E^, E^} is pairwise disjoint and = nCj 2" ^ for each j e 
{0, 1, . . . , n}, where „Cj = {n-ly.jv Hence, 

I E^\ — nCo 2" + „Ci 2" ^ + • • • + nCn-l 2^ + nC'n 2° = (2 + 1)" = 3". 

Note that 

n 

Il£^; = [r]({ei,e^,a;n. 

i=o 

For example, when n = 3, we have 

e;3 _ r 3 3 3 3 3 3 3 3-. 

= { [10001000]'^, [01 0001 00]M00 10001 0]^ [000 1000 1]^ 
[10100000]M01010000]M00001010]^ [00000101 ]^ 
[11000000]^[00110000]^[00001100]^[00000011]^}, 

= {[ioioioio]Moioioioi]'^, 

[lloolloo]^[oollooll]^ 

[11110000]M00001111]^}, 
El = {[11111111]^}. 
Now, we have the following lemma which supports our next theorems. 

Lemma 3.7. If n e N and A,B e PM2x2"(^) and AX = BX for each X e 
leMeheixy), then A ^B. 
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Proof. We prove the statement by induction on n e N. 
Step 1. We show that the statement is true for n = 1. 



Let A 



ail fli2 

0,21 (^22 



, and let B 



bii 


bi2 


. Since Eq = { 


1 







hi 


b22 









1 



El = { 



ai2 



} and AX = BX for each X e [^^]({e\, ei xY) , 



ail 

021 



bi2 



ai2 




bl2 


and 


Oil + Oi2 




^11 + ^12 


022 




b22 




021 + 022 




&21 + &22 



and 



y^22 y 



y022 y 

Suppose that ee' = — 1. 



Case i. 



On + Oi2 

O21 + O22 



ei 



bii + bi2 

b21 + &22 



Hence, 
\ 



/ \ 

On 



} and 



bii 
b2i 



\b21j 



and 



and 



y02i y 

for some e,e',ei e {1,-1}. 



/ ^ 

On 




^^11 


and 


/ \ 

012 


/ 


-bi2 


^^021y 




1^62lJ 




y(l22j 


V 


"&22y 



If ei = 1, then an + ai2 



^11 + ^12 = ^11 - bi2 and a2i + 022 = ^21 + ^22 = &21 - ^22, so 612 = 622 = 0. If ei = -1, 
then On + 012 = -&11 - &12 = &11 - &12 and 021 + 022 = -&21 - ^22 = &21 - ^22, so 



bii = 621 = 0. Hence, A = B. 

/ \ / , \ 

-fell 



Case 2. 



On 

y02i y 



and 



M (1 ^ 

O12 O12 

^022 y 



If ei = 1, then an + ai2 



^^22 y 



bii + bi2 = -611 + 612 and a2i + a22 = 621 + 622 = -621 + 622, so 611 = 621 = 0. If ei = -1, 
then On + 012 = -611 - 612 = -611 + 612 and 021 + 022 = -621 - 622 = -621 + 622, so 
612 = 622 — 0. Hence, A = B. 

Step 2. Suppose that the statement is true for n e N. We show that the statement 
is also true for n + 1. 
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Suppose that 



and 



and 



and 



A 



Oil • • • ai2" Ol2"+l ■ ■ ■ Ql2"+l 



0,21 ' ' ' 022" Ct22"+1 ■ ■ ■ 022"+l 



h^^ ■ ■ ■ 6i2" &12"+1 ■ ■ ■ b^')n 



B = 



^12"+! 



&21 • • • &22" ^'22"+l ■ • ■ b 



322"+l 



Oil • • • (Ii2" 
022" 



021 



A, 



( \ 

Ol2"+l ■ ■ ■ C1121+1 



022"+l 



022"+l 



Oil • • • ai2'n—l ai2"+l ■ ■ ■ Cil2"+2"-l 
021 ■ ■ ■ 022"-l 022"+l ■ ■ ■ 022"+2"-l 



A, 



( 

V 
/ 

V 



ai2"-l+l • • • Ql2" Oi2n+2"-l+l • ■ ■ Ol2"+l 



Q'22"-l+l ■ ■ ■ <222" Ct22"+2"-l+l ' ' ' <222"-+l 



5, 



&11 
&21 
/ 

V 



hi2^ 

b22^ 



\ 



bl2n+l 
b22"+l 



bn 
b2i 



6l2"+l 
&22"+l 



Ba 



Cl2"-i+l 
6221-1+1 



Ol2"-i Ol2"+l ■ ■ ■ 

622"- 1 ^'22"+l ■ ■ ■ 

bi2n 6i2"+2"-i+l 

622" 622"+2"-l+l 



■'l2"+2" 



522"+2"--i 



bl2n+l 
622"+! 
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Then A 



Ai A2 



and B 



B\ B2 



. Notice that 



r^'my x {elelxy^Hr^'m} x {elelxynHr^'Mx} x {elelxr) 

and [r+^]({ei} x {e\,eixr), [C^']{{el} x {e^e^,^}"), x {e^e^,^}") 

have exactly 3" elements, respectively. 

Since AX = BX for each X e [r+^]({e}} x {ej, el, x}"), = for each 

Xe[C]{{elelxr). 

Similarly, since AX = BX for each X e [r+^lll^} x {e^, e^, x}"), [AsjX = [Es]^ 
for each X e [C"]({ei, e^, x}"). 

Also, since AX = BX for each X e [r+^]({e{, e^, x} x {e^} x {e{, e^, a;}"-^), 
[>l3]^ = [Bs\X for each X e [e]({e}, e^, 4"). 

Similarly since AX = for each X e [C^+^Kjel, e^, x} x {e^} x {e^, ei x}"-^), 
[A^]X = [B^]X for each X e [e]({ei, e^, a;}"). 

By induction hypothesis, we have 

[Ai] = [El], = [52], [A3] = [53], [A4 = [B,]. 

Hence, Ai = eBi and A2 = e' B2 for some e, e' e {1,-1}. Now, we claim that, if 
ee' = —1, then Si or S2 is the 2x2" zero matrix. 

Suppose that ee' — —1. Without loss of generality, we may assume that 

Ai = Bi and A2 = -B2. 
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Suppose that Bi is not the 2x2" zero matrix. Then there is i e {1, . . . , 2"} such 



that 



hi 






[b2^) 




w 



Case l.\i\<i< 2""^ then 

since = [B^] . We claim that 
matrix. 

Suppose that 



6l2n_|_l 



^22"+2"-l 



is the 2x2" ^ zero matrix 



^12"+2"-l+l ■ ■ ■ &12"+l 



V' 



'22"+2"-i+l 



••• h 



'22"+i 



is also the 2x2" zero 



Ol2"+2"--l+l ■ ■ ■ 6l2"+l 



^22"+2"-l+l 



boon 



'22"+l 



is not the 2x2"^ zero matrix. Then 



there is j e {2" + 2"-^ + 1, . . . , 2"+^} such that 



Since [A4] = [^4], 



6121-1+1 • • • 6i2" 



is the 2x2" zero matrix. In this case, 



^622"-!+! ■ ■ ■ ^22" 

the fact that AX = BX for each X e [C"+^]({ei, e^, x}"+i) implies 
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an 

021 



ai2"-i ai2"+2"-i+i ■ • ■ Oi2"+i 

022"-l Cl22"+2"-i+l ■ ■ ■ Cl22"+i 

611 • • • 6i2"-l 6i2"-|-2"-l+l ■ ■ ■ 6l2"+l 

621 ■ ■ ■ 622"-! 622"+2"-l+l ■ ■ ■ 622"+! 



X 



X 
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for each X e 63, x}"). Hence, by induction hypothesis, we have 



On 



021 



ai2n-i ai2n+2"-i+i 



022"-l 022"+2"-l+l 



hii ■ ■ • 6i2"-l &12"+2"-l+l 
&21 ■ ■ • &22"-l 622"+2"-l+l 

Since Ai — Bi and A2 — — -B2, 

^11 ■ ■ ■ &12"-l ~^12"+2"-l+l 



^21 • 



^11 



^"22" 



■^22''+2''-l+l 



J21 



Since 



bii 



( \ 





bi2n-l &12"+2"-l+l 
622"-! 622"+2"-l+l 



^12"-+2"-l+l ■ ■ ■ &12"+l 



ai2"+i 

022"+l 
6l2"+l 

622"+! 

— 6l2"+l 

—622"+! 

bl2n+l 
&22"+l 



is the 2x2"^ zero matrix. 



y622"+2"-l+l ■ ■ ■ &22"+l 

This is a contradiction. Therefore, B2 is the 2x2" zero matrix. 
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Similarly, we show the other case. 



Case 2. If 2"-^ + 1 < i < 2", then 



zero matrix since [^44] = [S4]. We claim that 



6l2n+2"-l+l 

622" +2"- 1+1 
/ 

^12"+1 



2x2"^ zero matrix. 

&12"+1 • ■ • 6l2"+2"^i 



^'22"+l 



&12"+l 

^22"-+ly 
6l2"+2"-l 
^22"+2"-l 



is the 2x2"-^ 



is also the 



Suppose that 



^22" +1 ■ ■ ■ b' 



'221+2" 



is not the 2x2"^ zero matrix. Then 
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there is j e {2" + 1, . . . , 2" + 2""^} such that 



7^ 



( \ 



Since [A3] = [B3] 



61 on 



12"-l 



is the 2x2" zero matrix. In this case, 



^21 ■ ■ ■ 022"-i 

the fact that AX = BX for each X e [r+^]({e}, e^, imphes 
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Ol2"-i+l ■ ■ ■ Ol2" • • • ai2n+2"-i 



022"-l+l 



022" 022"+l 



022"+2"- 



X 



6l2n-l+l 
^22"-l+l 



^12"+2"-l 
622" +2"- 1 



X 



612" &12"+1 
622" ^'22"+l 

for each X e 62, a;}"). Hence, by induction hypothesis and Ai = Bi and 

^42 = — S2, we have 

6l2»-l+l ■ ■ ■ &12" ~^'12"+1 • ■ ■ — &l2"+2"-l 
^22"-l+l ■ ■ ■ ^22" ~^22"+l ■ ■ ■ — &22"+2"-l 



6121-1+1 



^22-^-^+1 



bl2n 6l2"+l 

&22"- 622"- +1 



Since 



7^ 



( \ 





( 



\ 



h2"+i 



-'l2"+2" 



6l2"+2"-l 
&22"+2"-l 

is the 2 X 2"~^ zero matrix. This is 



^622"+! ■ ■ ■ 622"+2"-l 

a contradiction. Therefore, B2 is the 2x2" zero matrix. 
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Hence, for each case, we have A 
lemma. 



Ai A2 



Bi B2 



B. This proves the 
□ 
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Theorem 3.8. Let neN, and let h, . . . ,kn e NU {0}, and let T", T*^i(i), . . . , T'="(") 
be n,ki, . . . , kn-punctured ball tangle diagrams, respectively. Then 



b] 



11 



bl 



bl 



21 



12*=! 



22*1 



'11 



^21 



"12*=" 



■^22'=" 



, then 



pki-\ \-kn ^pn ^rpki{l) J'fcn(n)^^ _ pn^rpn-j^^nj^pki ^rpki{l)^ pkn (^'pkn{n)^-j 

where [r]'^]{F^^ {T^^^^'^) , . . F'="(T*^" 



Tin u T-rn u 

^ ^^ = 1 „.n «,2fcl ,...,2fcn 1 ij=l „ „,2>'l ....,2'=n 



Ij 2*1 ^ ^ "j 



^^=1 ^,2*1 ,...,2fcn 11^=1 2*1 ,...,2*n ' ' ' 11^=1 2*1 



°=23'^2*l+--+*"j 



l 1.7 = 1 n.2*l 2*n 1 1^=1 " ^n,2*l ,...,2fen 

"2"j"23 



^•? = 1 "^n ^n,2*l,...,2*n 
"2"j"l3 



-'■■'■^=1" n ^n,2*l,...,2*n 
"2"j"2*l + --+*ni 



Proof. Without loss of generality, we may assume that /ci, . . . , /c^ G N. 

Let T = r"(T^i(i), . . . , and let S^^^), . . . , S^^^^i), , S^^^), . . . , e 

ST with 



irO(5(ii)) 



^O^^(nl)-) 



,11 



,nl 



,ifci 



„,nkn 

^2 



Then r(S(ii), . . . , S^^^^i), , B^"^\ 

= r"(r'=i(i)(5(^i), . . . , ^(I'^i)), . . . , . . . , B^^'^"))) and 
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11 



^21 



^12*=! 
"22 ''I 



n 



7 = 1 



ki „lj 



11 



21 



'12*1 



^22*" 



n 



kn „nj 



r-rfcn nj 
lij=l V" 

2*n J 



&iinti^l + ---+&u mii^, 



?^^in-ii^H, + ---+6^,.,n5ii 



f^ll 1 l7 = l "^kn + + f^l2fen 1 l7 = l 



kn nj 



2*n i 



^21 1 l7 = l ^ ^ '^22'=n 1 l7 = l " k„ 



2*n 9 



.,2*^1 ,...,2'=" ^^j,l 



((^a?,l> ■ ■ ■ ' 2^=1)' ■ ■ ■ ' (^S? 1' ■ ■ ■ ' Kv-^kn)) 



,,2'=l 2*=" //Ll 



((^a5il> ■ ■ ■ > 2'=i)' • • • ' ■ ■ ■ ' ^a?„2'=n)) 



tn,2'=i,...,2'="/'CLl Ll \ /Ln m \\ 

? UV„ ,1> ■ ■ ■ > f'a" 9feJ' ■ ■ ■ ' VVn„l' ■ ■ • ' V„ 2'=-JJ 
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"ij "^Ij "^Ij 13 

n^i 7,1-?' . . . Y\^ri-2 n-2j T-rfc„_i n-lj T-rfc„ nj 



k 

a. 



j=l"ki lij=l '^„fcn-2 lij=l '^^fcn-l li,-=l 



, = 1 '^^fc„_2 li, = l '^^fcn-l lij=l '^n.''" 



nkn~2 „n-2j T-rkn-i Tlkn r 

7=1 '^„fe„_2 117=1 ^„fe„-i 117=1 '^^ 



-2j 



kn-2 „n-2j 



.7=1 



T-rfc„_i n-lj T-r«„ m 
11 7 = 1 '^^fcn-l lli=l '^^fcn 



kn „nj 



2*13 2'°"--2j 2""-! J 
^fcl+-+fcn (7^) [^fel + -+fcn] (^0^^(11)^^ _ . . . .,F°(S("'="))). 



Notice that there are ball tangle diagrams B^^\ B^'^\ B^^^ such that 
1 







,F%B^^^) 



Therefore, by Lemma 3.7, 

pki-i hfcn^J^n ^2^/01(1) J'knin)^^ 



, respectively (See Figure 7). 
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tn,2'=i,..,2'="/CLl Ll \ /Ln ip \\ 

? U"a?il' ■ ■ ■ > ^12^1^ ■ ■ ■ ' V"a?„l' ■ ■ ■ ' "a" 2*^n 



n,2'=l,...,2*=n//i,l 



■lii=l n n,2'=l,...,2fen i 1^=1 " „ n,2'=l,..., 



n7 = l^''„, n,2'=l,...,2fen Ilfcl^'', 



2*n 



,,2'=1 ,...,2*11 



FT" ft-' 



„ ,...,2'=n 



.i,2''l ,...,2'=n 
"23"2'=l + --+'=nj 



TT ft-' n ft-' 

-'■■'■^ = 1 „ 71,2*1,..., 2*" lij=l" „ n,2'=l,...,2'=n 

This proves the theorem. 



n -=1 ^ 



n,2*=l ,...,2*11 
°2"j"2fel+---+'=n,- 



□ 



Let us give the following example. 

Suppose that T^, T^(i), T'^(2) are 2, 2, 1-punctured ball tangle diagrams such that 



Oil ai2 ai3 ai4 

O2I ^22 ^23 ^24 



, F2(r2(i)) 



ftl ftl ftl ftl 

'^U ^12 '^13 ^14 



ft^ ftl ftl ftl 
^^21 "22 ^^23 ^^24 



, and 



ft2 ft2 
"11 "12 



ft2 ft2 
^^21 ^^22 



, respectively. Then ^3(7^2^2.2(1) j.i(2))) ^ 
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Oil ai2 ai3 ai4 

021 ^22 023 ^24 



r^l lA l2 1^1 l2 l2 l1 l2 l1 l2 l1 l2 1^1 l2 

"llf^ll f^llOl2 t)l2f^ll f^l2f^l2 f^lS^^ll f^l3f^l2 f^M^^ll f^l4f^l2 

1^1 l2 l1 l2 l1 l2 l1 l2 l1 l2 l1 l2 l1 l2 l1 l2 
'^ll"21 "ll"22 "12^21 "12^22 "l3"21 "13^22 "l4"21 "14^22 

lA u2 Ll l2 l1 l2 l1 l2 l1 u2 ul u2 ul u2 ul u2 
^^21^^11 ^^21^^12 ^^22^^11 ^^22^^12 ^^23^11 ^^23^^12 ^^24^^11 ^^24^^12 

lA 1^2 lA l2 lA 12 lA l2 lA V2 lA l2 lA v2 lA 1^2 
"2l"21 "2l"22 "22"21 "22"22 "2?,2\ "23"22 "24"21 "24"22 

Now, let us consider '(outer) connect sums' of various n-punctured ball tangle 
diagrams and their invariants. They will be also very useful when we compute 
invariants of complicate tangles. Given k\ and A;2-punctured ball tangle diagrams 
we denote the horizontal and the vertical connect sums of them by 
+^ 7-fc2(2) rpk,{i) rpk2{2}^ respectlvety (See Figure 10 for an example). 

Theorem 3.9. Let ki,k2 G NU {0}, and let r'^iW, T'=2(2) be ki,k2-punctured ball 

tangle diagrams, respectively. Then 

Oil ai2 • • • ai2'=i 

(^21 0'22 ■ ■ ■ Ct22'=l 
// 



then 



and F'=2(r'=2(2)) 



^11 hi2 

^21 ^22 



bi2k2 
622 ^2 



(1) ir'=l+'=2(-2^fcl(l) 2^^2(2)^^ 



(2) _p'=i+'=2(^j'fei(i) _|_^ j'*;2(2)j^ _ 



v 



0'lib2j + (^2iblj 
^ 0-2ib2j 

aiibij 
^2ibij + aiib2j 

Proof. We denote F0(5(i) +^ 5(2)) by F^{B^^^) +h F%B^^^) and F0(5(i) +^ ^(2)) by 
FO(fi(i)) +^ F"(5(2)) if B^^\B^'^^ e BT. We will define these notations +ft and +^ 
in Chapter 4 again (See Lemma 2.12 and Definition 4.5). 







/ j=l,...,2'=2/ 


i=l,...,2'=l- 


\ ^ 


/ i=l,...,2'=2/ 


i=l,...,2*l- 
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(1) Let T = T'^i^i) +h T^^^'^\ and let B^'^^\ B^^''^\ S^^i), . . . , S^^'^^) g bT with 



irO(5(ii)) 



F0(5(2i)) 



,11 



,11 



,21 



,21 



,,2fc2 



,,2fc2 



Then . . . , ^(I'^i), . . . , 

^ . . . , 5(1*=!)) +fc T'=^(2)(5(21)^ _ _ _ ^ 5(2fc2)) and 

F0(T(5(ii), . . . , B(i^'i), 5(21), . ^ ^ ^ 5(2fe))) 

^ ^0^2ifel(l)(^(ll)^ _ _ . ,S(l*^l)) +^ 7^^2(2) ^^(21)^ _ . .,S(2'=2))) 

^ F0(2^fcl(l)(^(ll)^ _ _ . ,5(1*^1))) +fe ^0(2^^2(2) ^^(21)^ _ _ . ,5(2^=2))) 

^ ^fci(7^fci(i))[^fci] (^0^^(11)^^ _ _ _ ^ F°(5(^'=i))) 



Oil ■ ■ ■ 012*1 

O2I • • • fl22'=l 



n 



n 



2*1 J J 



&11 
&21 



^12'=2 
^22*2 



n 



?-i^'i2 



n 



2i 
2*2 j. 



«ii njii ^^Ji + — h ai2% njii ^lii 



«2i nti v\ + — h 022% n^ii V 



2*1, 



+h 



bnU 
b2iU 



k2 2j 



+ ^'12*2 117 = 1 V 



k2 ,2i 



/2 
\k2j 



fe2 2i 



+ ^'22*2 nti 'I'^i 



fe2 
V2,-. 
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aii62i + 021611 



-, t 



a2l6; 



'21 



flll&22'=2 + 02l6i2fc2 02l622'=2 



ai2fei&21 + 022'=! ^11 Ct22'=l621 



'^12'=l ^22*2 ~l~ '^22*1 ^12*2 022*^1 622'=2 



/2 

2*^2 j 



2*=1 j 2*^2 j 

Notice that there are ball tangle diagrams B^^\_B^'^\ B^^^ such that 
1 



F\B^^)) 







Therefore, by Lemma 3.7, 



, respectively (See Figure 
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V 



(J'2ib2j 



(2) Similarly, we can show that 



This proves the theorem. 



aiibij 

0'2iblj + (lub2j 







3=\,...,2^l) 


i=l,...,2fcl- 


\ ^ 




/ j=i,...,2'=2y 


j=l,...,2'=l- 



□ 



Notice that each of +/i and +^ gives us a monoid action if one of k\ and /c2 is 
fixed and the other is 0. Obviously, they are binary operations which give monoid 
structures to ST if /ci = A;2 = 0. 

We will consider these connect sums again for spherical tangles and ball tangles 
including 'inner connect sums' to yield monoid structures on S^T in Chapter 4. 



a) 





h) 





A and B are not 
equivalent but 
induce the same 
function. 



C and D do not 

induce the same 
function but have 
the same invariant. 



Figure 6. Tangles and functions. 
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When we denote the statement that n-punctured ball tangles T"^^) and T'"(2) 
induces the same function from ST" to BT by T^^^^ ~ T^^^) and F"(r"(i)) = 
by ~ ~ and ~ are clearly equivalence relations on nPBT and 

we have 

rpn{l) ^ jin(2) ^ ^ 2nn(2) _^ 2^n(l) ^ j^n{2) ^ 

The first implication comes from the definition of = and the second implication is 
proved by Theorem 3.6 and Lemma 3.7 immediately. 

Notice that neither the converse of the first implication nor that of the second 
implication is true (See Figure 6). In particular, the spherical tangles C and D in 
Figure 6 have the zero matrix invariant. For a nonzero matrix invariant, we can 
take the spherical tangle A in Figure 6 and a spherical tangle B' obtained from a 
single twist of two upper strands of A. When we apply a ball tangle whose numerical 
closure is a noninvertible knot for the holes, A and B' give us different ball tangles. 
However, A and B' have the same invariant. By theses reasons, we may consider the 
equivalence relation ~ instead of = for our n-punctured ball tangle invariant. 

This aspect is quite similar to that in Algebraic Topology in the sense as follows: 

If X and Y are pathconnected topological spaces, then 

where X = y, X ~ y, and X Y mean the statements that X and Y are topolog- 
ically equivalent, X and Y are homotopically equivalent, and 7Ti{X) and 7ri(F) are 
isomorphic, respectively. 
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3.2 A Generalization of Krebes' Theorem 

Suppose that a ball tangle diagram B is embedded in a link diagram L. Since the 



complement of a ball in is still a ball, we may think oi B' — L — B as another 
ball tangle diagram embedded in L and L = {B +h B')i, that is, L is the numerator 



closure of horizontal addition of B and B'. If F^{B) 



Pi 



and F^{B') 



then F^{B +h B') 



PiQ + QiP 

qiq 



and |(L)| = \{{B+hB')i)\ = \piq + qip\. Hence, 



g.c.d. divides \{L)\. This is Krebes' Theorem (See Theorem 2.14). We have 

the following generalization of Krebes' theorem. 

Theorem 3.10. Let L be a link, and let B^^\...,B^"^ be ball tangles with the in- 
variants , respectively. If B^^\ . . . , are embedded in L disjointly, 









Pi 


, . . . , 


Pn 


Qi 




qn 



then Y{i=i g-c-d. {pi,qi) divides |(L)|. 



Proof. Denote by di = g.c.d. (pi, qi) for each i e {1, . . . , n}. Let B^'^'>' = L — B^^\ and 



letFO(E('^)') 



Then L = (E^") and F^{B^'^'^ +hB^'''^') 



PnQ + QnP 



hence, |(L)| = [((^^"^ -\-h -B*^'*''')i)| = |pn? + ?nP|- Notice that we can regard 5*^"^' as 
an (n — l)-punctured ball tangle with its holes filled up by . . . , S^""^). Hence, 
^H' ^ ^ for some (n - l)-punctured ball tangle r"-^ 

^11 ^12 ■ ■ ■ Cli2"-l 
O2I ^22 ■ ■ ■ Cl22"-l 



Let = 



. Then, by Lemma 3.4 and Theorem 
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3.6, we have 



/ \ 

PlP2---Pn-l 

P1P2 ■■■Qn-l 



Oil ai2 



O2I ^22 



ai2»-i 



022"-l 



gig2 • • • Qn-l 



anPiP2 ■ ■ -Pn-i + 

a2lPlP2 ■ ■ -Pn-l + 

Let d' — g.c.d. (p, q). Then 



+ ai2n-igi?2 • • -qn-i 



+ a22n-iqiq2 ■ ■ -qn-i 



d! = g.c.d. (aiipip2 • • -Pn-i + + ai2"-i?i?2 • • • ?n-l, 

a2lPlP2 • • -Pn-l + + a22"-i?l?2 " " ' ^n-l) 

and there are k,l E Z such that d' = k{aiipip2 ■ ■ -Pn-i + + ai2"-i?i?2 • • • qn-i) + 
l{a2iPiP2 ■ ■ -Pn-i + + a22"-i?i?2 • • ' Qn-i)- Sincc di • • • divides each term of 
the above hnear combination, di - ■ ■ dn-i divides d'. Hence, di - ■ ■ dn-idn divides d'dn 



and d'dn divides \{L)\. Therefore, HiLi S-C-d. {pi,qi) divides 



□ 
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Chapter 4 



Surjectivity of invariants 

We use the following notation throughout this section: 

(1) The subscripts 1,2 of ball tangles will no longer used to denote different kinds 
of closures. They will be used simply to distinguish different ball tangles. 

(2) The ball tangle invariant F° will be denoted by / with values in PM2 — 
PM2xi(Z) and the spherical tangle invariant will be denoted by F with values in 

PM2X2 = PM2x2(Z). 

Definition 4.1. Let 01,02,03,04 be 4 points in 5*^, and let Xi = {oj} x {0} and 
Ui — {oj} X {1} for each i e {1, 2, 3, 4}. Then a 1-dimensional proper submanifold S 
oi xl, I — [0, 1], is called a spherical tangle about Oi, 02, 03, 04 (or simply, spherical 
tangle) if dS fl (5^ x {0}) = {xi, 2:2, 2:3, 0:4} and dS fl {S^ x {1}) = {2/1, 2/2, 2/3, 1/4}. 

Note that B{{Q, 0, 0), 2) - Int(P((0, 0, 0), 1)) is homeomorphic to x /. 
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Definition 4.2. Define = on the class of all spherical tangles about oi, 02, 03, 04 by 

Si = 5*2 if and only if there is a homeomorphism h : x I ^ x I such that 
^('S'l) = 'S'2 and h ~ Ids^xi rel d for spherical tangles Si and S2. Then = is an 
equivalence relation on it. Si and S2 are said to be isotopic, or of the same isotopy 
type, if 5*1 = ^2 and, for each spherical tangle S, the equivalence class [S] is called 
the isotopy type of S. 

Remark that we usually use S for [S] and consider only diagrams for spherical 
tangles and ball tangles. Now, let us define the product of spherical tangle diagrams 
as follows: 

[S2] o [Si] = [^2(^1)], 

or simply, S20S1 — 5*2 (5*1) for all spherical tangle diagrams Si and 5*2, where, roughly 
speaking, S2{Si) means to put 5*1 inside of S'2, using the identification 

(S^x[0.1]),U(5-^x[0.1])2 ^ .2 .1 
{S^ X {l})i ^ {S^ X {0})2 " 

It is clear that o is associative and / = U^^^ {aj} x / is the identity spherical tangle 

for o. Thus, the class ST oi spherical tangle diagrams with o forms a monoid. 

4.1 Surjectivity of the ball tangle invariant / 



Recall Lemma 2.12, and Lemma 2.13: 
(1) If Bi,B2 e BT and f{Bi) - 



p 




r 




J{B2) = 








s 



, then f{Bi +h B2) = 
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ps + qr 


. So if we denote 


ps + qr 


by 


p 


+h 


r 


qs 




qs 




Q 




s 



fiB,)+f,f{B,). 

(2) liBeBT and f(B) = 



, then we have f{Bi +h B2) 



P 



, then f{B*) = 



p 



-q 



and f{B^) 



B* is the mirror image of B and B^ is the 90° rotation of B counterclockwise on the 

R 



-P 



where 



projection plane. So if we denote 









* 








p 


by 


p 


and 


Q 


by 


P 


-Q 








-P 




Q 



, then we have 



fiB*) = /{BY and f{B^) = /{B)' 

To avoid comphcation, we use the same notations for +h, *, and ^ applied to BT 
and PM2. We shall be able to understand the meaning of different operations by 
their contexts. 

(3) If B e BT, then B** = B but B^^ need not be the same as B. 

(4) If A e PM2, then A** = A and A^^ = A. 

Notice that, if an element A in PM2 can be obtained by applying *, and ^ to 
finitely many invariants of ball tangles, then A itself is the invariant of a ball tangle. 
Let us calculate / for ball tangles in Figure 7. 



1. The ball tangles b and c have invariants 



1 









and 









1 



, respectively. 















1 




1 


2. The ball tangle a has invariant 




because a = h+^b and 








+h 
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m 



Figure 7. Ball tangle diagrams. 





1 




1 




3. The ball tangles d and e have invariants 




and 




, respectively. They 




1 




-1 





are the mirror images each other. 





1 




1 




2 


4. The ball tangle / has invariant 




+h 










1 




1 




1 



, and the ball tangle g has 



invariant 



, where p is the number of horizontal twists in g. 



number of vertical twists in k. 





1 




1 




5. Ball tangles j and k have invariants 




and 




, respectively, where q is the 




2 




q 





50 





3 




3 




1 




1 


6. The ball tangle h has invariant 




because 








+h 
















3 








The ball 



tangle I is h and has invariant 



7. The ball tangle m has invariant 











-3 




3 



3 




3 




1 




because m — d +h I and 








3 




3 




1 



+h 



i — I +h d. Hence, the ball tangles i and m have the same invariant but they 



are apparently not isotopic. 

To prove the surjectivity of /, we use Euclidean Algorithm. 

Proposition 4.3. (Euclidean Algorithm) If a,b e N and a < b, then there are 
uniquely k & N and ro, ri, . . . , Vk, Vk+i G NU {0} and qi, . . . , qk+i G N such that ro — a 
and rjfc+i = and Tq > ri > • • • > > r^+i and b — qia + ri and ri_2 = qiU-i + U 
for each i E {2, . . . ,k + 1}. 

Theorem 4.4. The ball tangle invariant f : BT ^ PM2 is onto. 

b 

Proof. It is enough to show that there is B e BT such that f{B) — if a, 6 e N 

a 

and a < b. 

Suppose that a,b & N and a < b. Then, by Euclidean Algorithm, there are 
uniquely /c e N and ro, ri, . . . , r^, r^+i e N U {0} and qi, . . . , qk+i € N such that 
ro — a and 
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b 








n 




b = qia + ri, 









+h 




, < ri < a, 




a 




1 




a 






a 




Q2 




r2 




a = q2n + r2, 








+h 




,0 < r2 < ri, 




n 




1 




ri 






n 




Q2 




r3 


, < ra < r2 










+h 






r2 




1 




r2 





rk-2 




Qk 




Tk 








+h 




Tk-l 




1 




r-k-i 



, < Tk-i < rk-2, 



fk-l — Qk+lfk + fk+1, 



Tk-l 




Qk+1 













+h 




Tk 




1 




rk 



, rk+1 = 0. 
















Since 




; • • • ; 




, and 






1 




1 







for each i e {1, . . . , /c}, 



are realizable by ball tangles and 



corresponds a ball tangle. 



Therefore, there is B ^ BT such that 



f{B). This proves the theorem. □ 



We can define vertical connect sum of ball tangle diagrams by horizontal connect 
sum and rotations. 
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Definition 4.5. Define +^ on BT by Si+„S2 = (B^+hB^)^^^ for all Bi, B2 e BT. 

Then +y is called the vertical connect sum on BT. 

r 

, then /(Si +^ B2) = 



, we have f{Bi +y B2) 





P 




r 


(2*) If Bi,B2 e ST and /(Si) = 










1 







pr 



So if we denote 



pr 




P 




r 




by 








qr + ps 




5 







/(Si) +,/(S2). 

Note that (ST,+/j) and (Sr,+„) are noncommutative monoids with identities 
c and 6 in Figure 7, respectively. On the other hand, {PM2, +h) and {PM2, +„) 



are commutative monoids with identities 



and 



respectively. The ball tangle 



invariant / is a monoid epimorphism from {BT, +fi) and {BT, +„) to {PM2, +h) and 
(PM2,+„), respectively. 



4.2 The invariant F of spherical tangles, connect 
sums, and determinants 

The following lemma tells us a unique commutative square. 

Lemma 4.6. For each S e ST, there is a unique function : PM2 — > PM2 such 
that f o S — o f . Furthermore, is the function from PM2 to PM2 defined by 
S^{A) = F{S)A for each A e PM2. 



53 



Proof. Let S e ST. Then f{S{B)) = F{S)f{B) for each B e BT (Theorem 3.6). 
Hence, f o S — o f . The uniqueness of follows from the surjectivity of /. To 
show the uniqueness of 5*, suppose that Fi and F2 are functions from PM2 to PM2 
such that f o S — Fi o f and f o S — F2 o f, respectively, and A e PM2. Then 
there is S e BT such that A = f{B) by the surjectivity of / (Theorem 4.4) and 
F,iA) = F,if{B)) = {F,of){B) = iF2of){B) = F2(/(S)) = F2(>1). Hence, Fi = F2, 
that is, 5"* is unique. This proves the lemma. □ 

Lemma 4.7. If Si, S2 e ST, then {S2 o Si)* = 5*2* o S^. 

Proof. Suppose that Si,S2 € -ST. Then f o Si — Si* o f and f o S2 — S2* o f. Hence, 

/o(S'2o5'l) = {foS2)oSl = {S2*of)oSl = S2*o{foSl) = -S'2* O (^^ o/) = (5*2* O^u) o/. 

Therefore, by the uniqueness of {S2 o Si)*, {S2 o Si)* — S2* o Si*. □ 

Let us identify -S"* with F{S) for each S e ST. Since S2 o Si is the composition 
of 5*1 and ^2, we have the following lemma immediately. 

Lemma 4.8. If Si, S2 G ST, then F{S2 o Si) = F{S2)F{Si). 

Notice that Lemma 4.8 does not depend on the surjectivity of /. We can prove 
Lemma 4.8 by Theorem 3.6 and the following lemma, a corollary of Lemma 3.7, 
without using the surjectivity of /. 



Lemma 4.9. If A, B e PM2X2 and 





1 




1 














1 




1 


A 




= B 








= B 








= B 
















1 




1 




1 




1 



, then A — B. 
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BT 

f 



BT BT 



f 



f 



F{S) 



F{Si) 



BT 



f 



^PM^ 



BT BT 



82" Sj 



BT 



f 



f 



f 



FiS^oSj) 



PM,^ 



Figure 8. Commutative diagrams of invariants. 

By Theorem 3.6, we have that F{S2 o Si) and F{S2)F{Si) are matrices in PM2X2 







1 




1 







such that F{S2oSi) 




- F{S2)F{Si) 




,F{S2oSi) 
















1 



F{S2)F{Si 



, and 



F{S2 o Si) 



F{S2)F{Si 



Hence, F{S2 o Si) = F{S2)F{Si) by Lemma 4.9. 



Let us introduce the elementary operations on ST. 

Definition 4.10. Let 5" be a spherical tangle diagram. Then 

(1) S* is the mirror image of S, 

(2) S~ is the spherical tangle diagram obtained by interchanging the inside hole 
with the outside hole of S, 

(3) S''^ is the spherical tangle diagram obtained by only rotating inside hole of S 
90° counterclockwise on the projection plane, 

(4) 5""^ is the spherical tangle diagram obtained by only rotating outside hole of 
S 90° counterclockwise on the projection plane, 

(5) S^ is the spherical tangle diagram obtained by the 90° rotation of S itself 
counterclockwise on the projection plane. 
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s * 

mirror image of S 






Figure 9. Elementary operations on ST. 



Note that S"-^ = S-'^- , S'' = S-"^- , and = ^'^'^ = ^"^"i for each S e ST. 



Lemma 4.11. If S e ST with the invariant F{S) — 



a 7 
/? 5 



, then 



(1) F{S*) 



(4) F{S^-) 



a —7 
-/3 5 
-(5 -S 

a 7 



, (2) F{S-) 



, (5) F{S^) 



S 7 



, (3) F{S^^) 



—7 a 
-5 (5 



Proof. Let S e ST with F{S) 



a 7 



13 5 



S -p 
-7 a 



Then there is u E ^ such that (Su) = au, 



(Su) = jiu, {S21) = P{—i)u, {S22) — Su. Here the hnk Sij, i,j e {1,2}, is obtained 
by taking the numerator closure {i — 1) or the denominator closure (i — 2) oi S with 
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its hole filled by the fundamental tangle j. Therefore, 



a 


7 




u ^au u ^(- 


-i)jiu 




S 









Now we have 

(1) {S*n) = au-\ {St^) = l(iu)-\ {S*,) = (3{-iu)-\ {S*,) = 5u-\ 

(2) = (^22), (5r2) = {S12), (^2-1) = (-521), (^2-2) = (-^ll), 

(3) {SID = (^i2>, {SID = (^ii>, (^2l) = (^22), {S^,D = (^21). 





a —7 




5 7 




7 —a 




—7 a 


Hence, F(,S*) = 


-/3 5 


, F{S-) = 


/? a 




5 




-S f3 



Since ^''^ = S'"''- and = 5^^^% (4) and (5) are easily proved by (2) and 
(3). □ 

Like the case of ball tangle operations and invariants, it is convenient to use the 
following notations. 



Notation: Let 



a 7 
[3 6 



e PM2X2. Then 



-1 ri 





a 


7 




a 


-7 




a 


7 




S 7 




a 


7 




-7 


a 


(1) 












,(2) 










,(3) 
















S 






S 






5 




/? a 






s 




-s 






















R 
















a 


7 






-S 




a 


7 




S 


-P 










(4) 








,(5) 




















S 




a 


7 






S 




-7 


a 











With these notations, we can write: F{S*) = F{S)\F{S-) = = 
F{Sy\F{S^^) = F{SY^, F{S^) = F(5)« if 5 e ST. 
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The determinant function det is well-defined on PM2X2 since det {—A) — (—1)^ det A 
for each A e PM2x2- Notice that the 5 elementary operations on ST do not change 
the determinant of invariants of spherical tangles. 

Lemma 4.12. If 81,82 G ST, then 

(1) {Si o 82)* = 8*^ o 8^, (2) {8i o 82)- = 82 o 8^, (3) {8i o 82Y' = o 8^2', 
(4) {8i o 82Y' = 81' o 82, (5) {81 o 82)'' = 8^ o 8^. 

Notice that a spherical tangle has exactly 2 holes which are inside and outside. 

Definition 4.13. Let B e BT, and let 8 e ST. Then 

(1) the 1st and the 2nd outer horizontal connect sums of B and 8 are the spherical 
tangle diagrams denoted hy B +h 8 and 8 +hB, respectively, 

(2) the 1st and the 2nd outer vertical connect sums of B and 8 are the spherical 
tangle diagrams denoted hy B +y 8 and 8 +v B, respectively (See Figure 10). 

We also define the connect sums at the inside hole by +h, as follows. 

Definition 4.14. Let B e ST, and let 8 G ST. Then 

(1) the 1st and the 2nd inner horizontal connect sums of B and -S" are the spherical 
tangle diagrams B+^S and 8+hB defined by B+^S = {8~ +h B^~)~ and S+^B ~ 
{B^~ +h 8~)~ , respectively, 

(2) the 1st and the 2nd inner vertical connect sums of B and 8 are the spherical 
tangle diagrams B+^S and 8+yB defined by B+y8 = {8^ +^ B"^y and 8+hB = 
(B'"" 8~)~, respectively, 

58 



where and are the 180° rotation of B with respect to the vertical axis 
and the horizontal axis of the projection plane, respectively (See Figure 11). 

Let us give definitions of monoid actions. This is just a generalization of group 
actions. 

Definition 4.15. Let M be a monoid with the identity e, and let X be a nonempty 
set. Then 

(1) a function *i : M x X ^ X is called a left monoid action of M on X if 
*i{mim2, x) = *i{mi, *i{m2, x)) and *i{e, x) = x for all mi,m2 G M and x E X, 

(2) a function *r : X x M ^ X is called a right monoid action of M on X if 
*r{x, 17111712) = *r{*rix,mi),m2) and *rix,e) = X for all mi,m2 € M and x & X. 

In this sense, the connect sums of diagrams of ball tangles and spherical tangles 
are monoid actions on ST. Hence, we have 8 monoid actions on ST by BT which 
are similar. Also, the composition on ST induces a left monoid action and a right 
monoid action on BT. In particular, a monoid action is onto like a group action 
because of identity. 

Lemma 4.16. Let B e BT, and let S G ST. Then 

(1) {B +, S)^ = B^, (2) {S +, B)^ = B^ +„ S^, 

(3) {B +, S f = B^ +, S^, (4) {S B)^ = +, B^. 

Note that B^^^^ = B for each B e BT and S^^^^ = S for each S e ST. 
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The following lemma tells us that the other outer horizontal sum and two outer 
vertical sums can be expressed in terms of the 1st horizontal sum and ^ which is the 
rotation for ball tangle diagrams or spherical tangle diagrams. 

Lemma 4.17. Let B e BT, and let S e ST. Then 
(1) S+hB^ +h 

(3) S+^B= +h 

Proof. Let B e BT, and let S e ST. Then 

(1) S+hB^ {B' +fe S')^^ for some B' e BT, S' e ST. Hence, {B' +h = 
{S'^ +y B'^)^ = S'^^ +h B'^^. Take B' = B^^ and S' = S^^. Then S +h B ^ 

(2) B+^S^ {B'+hS')^^^ for some B' e BT,S' e ST. Hence, {B'+hS')^^^ = 
{S'^ +^ = +^ B'^^)^ = +^ S'^^^. Take = 5^ and S' = S^. 
Then B+^S^ {B^ +h S^)^^^, 

(3) S+yB = {B' +h SY for some B' e BT, 5' e ^^T. Hence, (5' +fe SY = 
+^ S'^. Take B' = and S' = Then >5 +^ S = (S^^^ +^ □ 

Now, we consider the invariants of spherical tangles obtained from the various 
connect sums with ball tangles and their determinants. 

Note that f{B) = f{B^-) = f^B"-) for each B e BT and S" = S for each 
S e ST. Also, S** = S for each S e ST. 
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Lemma 4.18. If B e BT with f{B) 



and S e ST with F{S) 



a 7 
/3 5 



, then 



(1) F{B+hS)=F{S+nB) 



(2)F{B+,S)^F{S+,B) 



(3) F{BThS) = F{S^hB) = 



U) F{B-,S) = F{S+,B) 



p(3 + get p5 + 
q(5 q6 
pa p7 
qa + P/3 57 + p5 
qa pa + 57 
q/3 p/3 + qS 
57 + pa p7 
q5 + p(5 pS 



, det F{B+hS) = q^ det F{S), 



, detF(S+„5) = p^ dei F{S), 



, det F{B+hS) = q"^ det F(S), 



, det F(B+^S) = p2 det F{S). 



Proof. (1) Let 
We have 



X 



e PM2. Then there is X e BT such that f{X) 



X 



e PM2. 



F{B +, S)f{X) = f{B +hS{X)) 



p 




a 7 




X 




+h 












/? S 




y 



p 


+h 


ax + 7y 




p(5x + p5y + qax + 577/ 






Px + 6y 




ql3x + q5y 













p(3 -\- qa p5 + 57 
q(3 qS 



p(3 -\- qa p5 + 57 

q(3 q6 
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By Lemma 4.9, F{B+hS) 



pP + qa p5 + qj 



q(5 qS 

Also, FiS +h B)f{X) = f{S{X) +, B) = f{B +, S{X)) = F{B +, S)f{X). 



Hence, det F{B+hS) = q'^ det 



Therefore, F(5 +h B) = F(S +fe S). This proves (1). 

5 7 



(3) Since = (5" S'^")", F(5-) = 

have 



(3 a 



, and f{B^-) = /(S), we 



F(S+,5) = F((5- +, S'^-)-) = F{S- +, S'^-)- 
= +^ 5-)- = F((S''- S-)-) = F{S+hB). 



Since F(5- +/, E'^-) 



P/9 + g5 pa + qj 
qP qa 



, we have 



F{B+hS) 



qa pa + qj 
qP pP + qS 



and det F{B+hS) = q'^ det F{S). This proves (3). 
Similarly, (2) and (4) can be proved. 



□ 



Definition 4.19. A spherical tangle diagram 5" is said to be /-reducible if there are 
n e N, e BTUST, e {+/^, +r, +2^+/., +n 

such that S — {■ ■ ■ {Ai *i A2) *2 • • • ^n) *n ^ud the only one of ^1, ... , A^+i is 
equivalent to / after some possible operations of {-Y^ and/or {-Y^, where A -h^^ B ~ 
B+hA, A+^PB^ B+yA, A+°^B = B+hA, A+'^B = B+^A. In general, a spherical 
tangle 5" is J-reducible if, in above definition, we replace J by a spherical tangle J. 
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In other words, a spherical tangle diagram S is J-reducible if S can be decomposed 
by finitely many ball tangle diagrams and only one identity spherical tangle diagram 
with respect to the inner and the outer connect sums and their opposite operations. 
Note that, in Definition 4.19, the expression of S can be written as 5" = *i • • • 
An+i- In this case, the order of operations in the expression is important. 

Theorem 4.20. // a spherical tangle S is I-reducible, then detF(5') = for some 
n e Z. Furthermore, if S is J-reducible, then det F{S) — r? det F( J) for some n ^'L. 

Proof. It follows from Lemma 4.18 immediately. By Lemma 4.18, we know that a ball 
tangle connected to a spherical tangle in the sense of Definition 4.13 and Definition 
4.14 contributes a square of integer to the determinant of the invariant of connect 
sum. □ 

Like rational ball tangles, we can define rational spherical tangles, which will be 
J-reducible. 

Definition 4.21. A spherical tangle S is said to be rational if S can be obtained from 
the identity spherical tangle / by moving boundary points of / only on the spheres. 
In other words, A spherical tangle S is rational if the 1-submanifold 5" in 5"^ x [0, 1] is 
isotopic to the identity spherical tangle / provided that we are allowed to move the 
boundary points of S only on S"^ x {0, 1}. 

Lemma 4.22. // a spherical tangle S is rational, then S is I-reducible. Therefore, 
detF(5') is a square of integer. 
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Proof. Suppose that a spherical tangle S is isotopic to I by allowing points on ^-S" 
to move. Then S can be obtained from / by the outer connect sums and the inner 
connect sums of finitely many horizontal twists and vertical twists. Hence, S can be 
written ets S — I *o Ai *i • ■ ■ *k -^k+i, where Ai, . . . , A^^i are horizontal twists or 
vertical twists and *o, *i, • • • , *fc+i are connect sums of ball tangle diagrams or outer 
connect sums or the inner connect sums or their opposite operations. Therefore, S is 
/-reducible. Hence, detF(5') is a square of integer. □ 



Some examples of spherical tangles are given in Figure 12. 









Figure 12. Spherical tangle diagrams. 



1. The spherical tangle a is / and has invariant 



1 
1 



2. The spherical tangle 6 has invariant 



1 
1 1 
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3. The spherical tangle c is 6 o 6 and has invariant 



1 




1 




1 


1 1 




1 1 




2 1 



4. The spherical tangle d has invariant 

5. The spherical tangle e has invariant 
4.18) 

6. The spherical tangle / has invariant 





1 



1 




1 




1 1 




+hi 













1 1 








(See lemma 








7. The spherical tangle boe has invariant 



1 




1 1 




1 1 


1 1 









1 1 



and (6o eY^ 



.1 -1 

has invariant 

1 -1 

As another example, let us consider the spherical tangle diagram S in Figure 13. 
By the definition of invariant, we have 



F{S) = { 



\z e $} nM2x2(^) 



5 -8 
8 -11 



Hence, detF(5') = —55 — (—64) = 9. That is, detF(5') is a square of integer. 
However, S looks like a non- /-reducible spherical tangle although we are not able to 
prove this fact. 



66 




S 21 S 22 



Figure 13. A spherical tangle S which cannot be decomposed. 

4.3 The Elementary operations on PM2X2 and Cox- 
eter groups 

In this section, we introduce the group structure generated by the elementary 
operations on PM2X2 induced by the elementary operations on ST. 

Definition 4.23. An n x n matrix M is called a Coxeter matrix if Ma = 1 and 
Mij — Mji > 1 for all i, j e {1, . . . , n} with i ^ j, where M^j is the (i, j)-entry of M. 

Definition 4.24. Let M be an n x n Coxeter matrix. Then a group presented by 

( xi, . . . , I (xiXj)^'^ = 1 for all i,je{l,...,n}), 
denoted by Cm, is called the Coxeter group with the Coxeter matrix M. 
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Let us think of the 5 elementary operations *,—,ri,r2,Ron PM2X2 induced by the 
elementary operations on ST as functions from PM2X2 to PM2X2, respectively. For 
convenience, we use the opposite composition of functions for the binary operation. 
For instance, — ri means the composition rio— . Recall that S^^ — S~'^^~, S'^^ — S''^^~, 
and = S^'^'^^ = S^^'^^ for each S e ST and observe the foUowings: 



Suppose that 



and 



and 



a 7 
13 6 



e PM2X2- Then 



a 7 




S 7 


ri 


—7 s 




(3 S 


ri 


-S (3 


P 6 




P a 




—a [3 




—a —7 




7 —a 



a 7 




—7 a 




(3 a 


ri 


—a (3 




-6 (3 


/3 S 




-S (3 




—5 —7 




7 —S 




7 —a 



a 7 




8 7 




5 —7 












(3 5 




(3 a 




—{3 a 



a 7 




a —7 




6 —7 












(3 S 




-(3 d 




—(3 a 



a 7 




—7 q; 




—7 —a 




ri 








f3 S 




-S (3 




S (3 



a 7 




a —7 




7 q; 








ri 




/? 5 








-(5 -(3 
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Hence, we have — ri — ri — ri — ri— and — * = *— and ri* = *ri. Also, and riri 

and ** are the identity function from PM2X2 to PM2x2- We show that the group 
generated by the elementary operations on PM2X2 induced by those on ST has the 
group presentation {x,y,z\x'^ — = z'^ — 1, xyxy — yxyx, xz — zx, yz — zy) 
which is a Coxeter group. 

Theorem 4.25. The group G{F) generated by the elementary operations on PM2X2 
induced by those on ST has the group presentation 

{x,y, z\x'^ = y"^ = z'^ = 1, xyxy = yxyx, xz = zx, yz = zy). 



Furthermore, G{F) is isomorphic to the Coxeter group Cm with the Coxeter matrix 

( \ 

14 2 



M 



4 12 



^2 2 I J 



. That is, 



G(F) ^{x,y,z I x'^y'^z'^ (xy)' = (yx)' = (xz)' = (zx)' = (yz)' = (zy)' = 1 ) . 

Proof. Let G = {x,y,z\x^ = u"^ = z'' = 1, xyxy = yxyx, xz = zx, yz = zy). 
Suppose that : G — > G(F) is the epimorphism such that = — , = ri, 
4>(z) = *. We claim that Ker0 = {1}. Let W(x,y,z) be a word in Ker0. Then 
(f)(W{x,y, z)) = W(—,ri,*) — IdpM2x2- Since x'' — y'' — z' — 1, we may assume 
that W(x, y, z) has no consecutive letters and no inverses of letters. Since xz — zx 
and yz = zy and z'' = 1, we have either W(x,y,z) = Wi(x,y)z or W(x,y,z) = 
Wi(x, y) for some word Wi(x, y) in {x, y}. We may also assume that Wi(x, y) has no 
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consecutive letters and no inverses of letters. We show that W{x,y,z) ^ 'W\{x^y)z. 
If W{x,y,z) = W^ix.y^z, then H/'i(-,ri)* = IdpM2^2- That is, Wi{-,ri) = *. 
Observe that 

- 7^ *, -fi 7^ *, -ri- ^ *, -ri - n 7^ *, 
n 7^ *, ri- 7^ *, n-riT^*, n-ri-T^*. 
By — ri — ri = ri — ri— and — r\ — IdpM2x2: we have ,ri) 7^ *. This is a 

contradiction. Hence, W{x,y,z) ^ W\{x^y)z. Therefore, W{x^y^z) — W\{x^y) and 
the number of z in W{x^ y, 2;) must be even. 

Since W\{x^ y) has no consecutive letters and no inverses of letters, we have either 
there are k & NU {0} and i? e {l,x, xy, xyx, xyxy, xyxyx, xyxyxy, xyxyxyx} 
such that Wi{x,y) = [xyY^R or 

there are A;' e N U {0} and R' e {1, y, yx, yxy, yxyx, yxyxy, yxyxyx, yxyxyxy} 
such that Wi{x,y) = {yx^^'R'. 

Also, since Wi{x, y) — W{x, y, z) e Ker 0, we have either 

IdpM2.2 - VFi(-,ri) = (-ri)Xi?) or Mpm^.^ = = {n-f^' (t>{R') . 

Similarly, as above, observe that 

- 7^ IdpM2x2: 7^ IdpM2x2^ — n- 7^ IdpM2x2^ - '^l 7^ IdpM2x2^ 

ri^IdpM2x2^ 7^ /C?PM2X2> n - n 7^ /cipM2x2> n - n- 7^ /C?PM2X2- 

Also, notice that 

-ri - ri- = ri - ri, -ri - n - ri = ri-, 
-ri - ri - ri- = ri, -ri - n - ri - ri = IdpM2>,2 
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and 

ri - ri - ri = -ri-, n - ri - n- = -ri, 

ri - ri - ri - ri = -, n - ri - ri - n- = /rfpM2x2- 
Hence, we know that 0(-R) = IdpM2x2 if a-nd only if = 1 and (j){R') = IdpM2x2 if 
and only ii R' — 1. 

Since (— ri)^'' = IdpM2x2 (ri— )*^^' = IdpM2x2: h^ve = IdpM2x2 

= IdpM2x2- Hence, R—1 and i?' = 1. 

Therefore, y) — {xyY^ or VFi(a;, y) = {yxY^ for some /c e N U {0}. Since 

{xyY — 1 and {yxY = 1, 1^1(0;, |/) = 1. That is, W{x,y,z) — 1. We have proved 
Ker0 = {1}. Hence, : G — > G{F) is a group isomorphism and G{F) has the group 
presentation ( a;, |/, 2; | a;^ = = 2;^ = 1, xyxy = yxyx, xz = zx, yz = zy). 

Now, we show that G{F) is isomorphic to Cm- Since {xyY — {yxY, {xyY{xyY — 
{yxY^xyY and {xyYiyxY = {yx)^{yx)^. Since x'^ — y^ — 1, (xy)^ = (yx)^ = 1. Also, 
since = zx, {xz){xz) = {zx){xz) and {xz){zx) = {zx){zx). Since = 2;^ = 1, 
{xz^ — (zx)^ — 1. Similarly, since yz — zy, {yz){yz) — {zy){yz) and {yz){zy) — 
{zy){zy). Since y"^ = z'^ = 1, {yzY = {zyY = 1. Hence, the consequence of relators 
of Cm is contained in that of G{F). Conversely, Since {xyY — 1, (xy)^(yx)^ = {yxY- 
Since x^ — y^ — 1, (xy)^ — {yx^ . Also, since (xz)^ — 1, (a;z)^(za;) = Since 
x^ — z^ — 1, = zx. Similarly, since {yz^ = 1, {yzY{zy) = zy. Since y^ — z^ — 1, 
yz = zy. Hence, the consequence of relators of G{F) is contained in that of Cm- 
Thus, G{F) is isomorphic to Cm- □ 



71 



4.4 Nonsurjectivity of the spherical tangle invari- 
ant F 

Recall the A- move on knot diagrams introduced in |7J. It is illustrated in Figure 
14 (a). If we apply the Kauffman states to the diagrams involved in the A-move, we 
get the 5 basis diagrams without closed components as shown in Figure 14 (b). 



2 2 




C4 C5 

Figure 14. (a) A A-move on a diagram; (b) The 5 basis diagrams. 

Definition 4.26. Link diagrams Di and D2 are said to be A-equivalent if D2 can be 
obtained from Di by a finite sequence of A-moves and Reidemeister moves. 
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For a spherical tangle S, we can get four links Sn, Su, S21, S22 by taking closures 
of S with its hole filled by fundamental tangles. We say that two spherical tangles S 
and S' are A-equivalent if each S^j can be obtained from Sij by a finite sequence of 
A-moves and Reidemeister moves. 



Lemma 4.27. Let S and S' be spherical tangles such that S and S' are A-equivalent. 

a 7 



// F(S) = 



7 = 67 moc. 



/3 5 



and F(S') = 



a' 7' 



/3' 5' 



, then a = ea' mod 4, P = mod 4, 



4, S = eS' mod 4 for some e — ±1. 



Proof. Suppose that L is a link diagram and La is a link diagram obtained from L 
by a single A-move. Then 

(L) = A'{C2) + A{C,) + A{Cs) + A-'{Ci) + AiC^) + A-'{Ci) + A-'{Ci) 



3A-'{C,) + A^C2) + A{Cs) + A{C^) + A{C,) 



and 



(La) = A'{Ci) + A{Cs) + A{C,) + ^"^(Cs) + A{C^) + A-\C2) + A-\L2) 



Hence, 



A'{C{) + 3^-1(^2) + A{C^) + A{C^) + A{C^) 



{L)-{La)^AA-\C,)-AA-'\C2) 



Suppose that (L) = aA^ (La) = a'A^\ (Ci) = hA\ (C2) = h'A^' for some 
a, a', 6, 6', k, k', I, I' e Z. Then aA'' - a' A''' = 4bA^-^ - 4b'A^'-\ 
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Case 1. If = then (a - a') A'' = AhA^'^ - Ab'A^'-\ hence, 

(a - a')^*= = 0;-46'^''-^4M^-^4(6± 6')^'-^ H b = 0,b' = 0; b = 0,b' ^ 0; 

6 7^ 0, 6' = 0; 6 7^ 0, 6' 7^ 0, respectively, so a — a' = mod 4. 

Case £ If A'' = -A'^', then (a + a') = 46^'-^ - Ab'A^'-\ hence, 

(a + a')A'' = 0;-46'y4''-^46^'-i;4(6 ± ii b = 0,b' = 0; b = 0,b' ^ 0; 

ft ^ 0, 6' = 0; 6 7^ 0, 6' 7^ 0, respectively, so a + a' = mod 4. 

Case 5. If A'' ^ ±A^\ then a^^^ - a! A^' = 4^'-^ - Ab'A^''^, hence, 

a^l'^ - a'A'^' = 0; -Ab'A^''^; AbA^'^; AbA^'^ - Al/A^'-^ if 6 = 0, 6' = 0; 6 = 0, 6' 7^ 0; 

6 ^ 0, 6' = 0; 6 7^ 0, 6' 7^ 0, respectively, so 

1) a = 0, a' = if 6 = 0, 6' = 0, 

2) a = 0, a' = ±46' or a = ±46', a' = if 6 = 0, 6' ^ 0, 

3) a = 0, a' = ±46 or a = ±46, a' = if 6 7^ 0, 6' = 0, 

4) a = ±46, a' = ±46' or a = ±46', a' = ±46 if 6 7^ 0, 6' 7^ 0. 

Hence, a = mod 4 and a' = mod 4. Therefore, we always have a = ea' mod 4 
with e = ±1. 

In general, suppose that a link L' can be obtained from L by a finite sequence of 
A-moves and Reidemeister moves of type II and III. If (L) = aA^ and (L') = a'A^', 
then a = ea' mod 4 and e = ±1 depends only on the powers k and /c'. 

For the spherical tangle 5", we need to consider 4 hnks Su, S12, S21, 822- If -^(-S') = 

, then = aA\ (Su) = T^'^'^', (-521) = /^A^^-^, and {S22) = (^^^ Also, 

(3 5' 
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a' i 

if F{S') = , then (Sii) = a' {S[^) = iA^'+'', {S'^i) = (3'A^'-^, and 

j3' S' 

= Notice that since a A-move will not change the writhe and we can 

postpone all Reidemeister moves of type I in any finite sequence of diagram moves to 
the end of that sequence, we do not need to worry that the Kauffman bracket is only 
a regular isotopy invariant. 

Thus, for the four corresponding links we obtained from S", the sign e is a constant. 
Thus, we have a = ea' mod 4, /3 = ej3' mod 4, 7 = €7' mod 4, 6 = e6' mod 4. □ 

We will make use of the following theorem. 

Theorem 4.28. (Matveev and Murakami-Nakanishi [7J).' Oriented links L = 
LiU- ■ -ULn and L' = L[L\- ■ -UL^ are A-equivalent if and only z/lk(Lj, Lj) = ik{L[, L'^) 
for all i,j with 1 < i < j < n. 

Suppose that a spherical tangle diagram S has no circle components. It has 4 
components Ki, K2, K3, K4. We will look at a diagram of S and orient each Ki 
arbitrarily. We use —Ki to mean to reverse the orientation of Ki. We define lk{Ki, Kj) 
to be a half of the sum of the signs of crossings between Ki and Kj. We have 
\k{-Ki,K^) = -\k{K,,K^). 

Note: For each Sn, S12, S21, S22, we get a link whose components are unions of 
some of Ki, K2, K^, K4. If components of etc. are oriented, they are unions of 
some of eKi, eK2, eK^, where ej = ±1. 
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Let S' be another spherical tangle with components K[, K2, K'^, K'^^. Suppose the 
end points of are the same as the end points of Ki. i.e., dK[ = dKi, dK'2 — 8X2, 
dK'^ — dK^, dK'^ = dK^. So we can orient each and Kl consistently. In this case, 
we can orient the links Sij and S^j consistently in the sense that the corresponding 
components of Sij and S'^j are the same union of CiKi and eiK^, respectively. 

Lemma 4.29. The linking numbers of Sij and S[j are equal for all i,j e {1,2} if 



Proof. This is obvious from the definition of consistent orientations of Sij and S^, and 



Lemma 4.30. Let J be the spherical tangle shown in Figure 15. Let pi,p2,P3,P4 be 
the number of half twists inside of the balls marked by 1,2,3,4, respectively. Then 

detF(J) = (piP4 -P2P3)^- 
Proof. This is by a direct calculation. We have 

P1P2P3 + P1P2P4 + PmPi + P2P3P4 -P1P3 - PiPi - P2P3 - P2P4 



]k{K^,Kj) = lk{Kl,K'^) for all 1,3 G {1,2,3,4}. 



\k{eiKi, EjKj) 



eiejlk{Ki,Kj). 



□ 



F{J) 



P1P2 + PiPA + P3P2 + P3P4 



-Pl -P2-P2.-PA 



We calculate the determinant of F( J) and get (piP4 —^2^3)^- 



□ 
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Figure 15. The spherical tangle J. 

Lemma 4.31. Let S be a spherical tangle without closed components. Then either 
there is a spherical tangle S' which is either I-reducihle or J-reducihle, with J as 
shown in Figure 15 or that J after some possible operations of {-Y^ and/or (•)^^, such 
that dK[ = dKi and \\i{Ki, Kj) = lk{Kl, K'j) for all i,j e {1, 2, 3, 4}. 

Proof. If S has one component whose end points he on different boundary components 
oi S'^xl, then we can find such a spherical tangle S' that is /-reducible. Suppose now 
S has no such components. The linking number of two components whose end points 
lie on the same boundary component oi x I can be realized by adding ball tangles. 
So we may assume that there is no linking between such components. Then, after 
some possible operations of {-y"^ and/or {-Y^, we can take S' as J with the number 
of full twistings equal to the linking numbers of S. □ 
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Theorem 4.32. If S is a spherical tangle diagram without closed components, then 
det F{S) = mod 4 for some integer n. 

Proof. Let S' be the spherical tangle in Lemma 4.31. Then Sij and S[j have the 
same linking numbers, for each ij = 11, 12, 21, 22. By Theorem 4.28, S and S' are A- 
equivalent. The theorem then follows from Lemma 4.27, Theorem 4.20, and Lemma 
4.30. □ 

Suppose now that a spherical tangle S has closed components, we have the fol- 
lowing theorem. 




Figure 16. The case that S has closed components. 
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Theorem 4.33. If S e ST with F{S) 



a 7 



P 5 



and S has closed components, then 



a = mod 2, (3 = mod 2, = mod 2, 5 = mod 2. 

Proof. See Figure 16 (top left), where a closed component of S is hooked with another 
component of S as shown. Applying the Kauffman skein relation to the local picture 
there, we get two diagrams with coefficients and 2, respectively. The diagram with 
coefficient 2 has one less closed component than S and the diagram with coefficient 
is obtained from S by unhook the closed component at that place. We keep performing 
this unhooking process until the closed component is hooked with another component 
only once, as illustrated in Figure 16 (bottom left). Applying the Kauffman skein 
relation again, we can unhook this closed component entirely and we end up with 
a diagram having one less closed component and a coefficient 2. Note that this 
closed component may itself being knotted. But this is not important since a knotted 
closed component separating from other components will make no contribution to the 
Kauffman bracket when A — e^'^l'^. 

What we have shown is the fact that when S has a closed component, then 2 
divides {Sij) for all ij — 11, 12, 21, 22. This proves the theorem. □ 

Note that = or 1 mod 4. So combine Theorem 4.32 and Theorem 4.33, we 
get the following theorem. 

Theorem 4.34. For every S E ST, either det F{S) = mod 4 or det F{S) = 1 mod 
I 

79 



Prom this theorem, we can conclude that there is no spherical tangle S such that 



F{S) 



1 
-1 



since the determinant of the matrix above is not equal to or 1 mod 4. 

Finally, let us indicate a direct way to compute the invariant F{J) of the spherical 
tangle J in Figure 15, in the special case of pi = P2 = P4 = — 4 andpa = 2. Check with 
the formula in Lemma 4.30. Suppose that B^^\B^^\ B^^\B^^^ are the 5, 0, 0, 0, 0- 
punctured ball tangle diagrams in Figure 17, respectively. Then 

By Theorem 3.8, F( J) = F\T^)[rf>]{F\B'^^y) , F^B^'^y), F\B^^^), F{I)). 

-4 



We have FO(SW) = F\B^^^) = ^0(5^) 



1 



and 







Figure 17. A decomposition of the spherical tangle J. 
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First, let us compute F^{T^) as the following steps: 
1) The matrix 



/ 



IS 



/ \ 

0010 1000 1001 0100 1001 0100 0000 0000 



0000 0010 0000 1001 0010 0001 1001 0100 



2) Let 



^ e $ > nM2x26(Z). 
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Then the sequence {tk)i<k<2^ of exponents of —i is 



0112 1223 1223 2334 1223 2334 2334 3445- 



Therefore, by taking 2; = ±i, we have the invariant F^(T^) as follows. 



0010 1000 100 - 1 - 100 100 - 1 - 100 0000 0000 



0000 0010 0000 100 - 1 0010 000- 1 100 - 1 - 100 



Second, we compute [r]^]{F%B^^^), F%B^^y), F^B^^y), F^B^'^y), F{I)) and describe 
it row-by-row as follows. That is, each pair of the following means a row of the matrix 
[r;5](F0(5W), F0(5(2)), F0(5(3)), F0(5(4)), F{I)). 

128 0; 128; -32 0; - 32; 64 0; 64; -16 0; - 16; 

-32 0; - 32; 8 0; 8; -16 0; - 16; 4 0; 4; 
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-32 0; - 32; 8 0; 8; -16 0; - 16; 4 0; 4; 
8 0; 8; -2 0; - 2; 4 0; 4; -1 0; - 1. 



Therefore, 

F{J) = F5(T5)[r/^](F°(5«),F°(5(2)),F°(5(3)),F°(5(^)),F(/)) 

-32 + 64 -32 + + 0- 32 + + + + 0- 8 + 16 + 0- 8 + 16 
-16-16 + + 8 + + 8 + + + 0- 4 + 0- 4 + + 2- 4 

-32 16 
-16 -10 

Also, we have 

detF(J) = (-32)(-10) - 16(-16) = 576 = 24^. 
Thus, det F{J) is a square of integer. 
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Chapter 5 
Open questions 



Here are some open questions that we are unable to answer at this moment. 

(1) Can one describe exactly the image of the invariant F in PM2X2? 
The following two questions make the above question more specific 

(la) Is it true that det F{S) is the square of an integer for any spherical tangle -S"? 

(lb) Is it true that if a matrix [A\ in PM2X2 has its determinant equal to the 
square of an integer, then there is a spherical tangle S such that F{S) = [A]l 

The spherical tangle J does not look like J-reducible. But we do not know how 
to verify this observation. 

(2) How to show that J is not J-reducible? In general, given spherical tangles S 
and 5", how to show that S is not ^"-reducible? 
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